Analytic Functions and Complex Integration
UNIT-III

ANALYTIC FUNCTIONS

INTRODUCTION
In this Chapter we continue the study about the complex numbers. When x and y are real variables,z=x+iy is called

a complex variable. Letu (x, y)andv(x, y) be two function of the variables x and y. Then

w= f(Z) = u(x,y) + iv(x, y) is a function of the complex variable z = x +iy .

If w gives a unique value corresponding to a value of z then w is called a single valued function of z and if it
gives more than one value corresponding to a given value of z then it is called a multiple valued function of z.

Definition
A single valued function f (Z ) is said to have a limit woas z — z,if

0 f (Z) is defined in a neighborhood of z
(ii) and if for every [1> 0, we can find a positive number O such that | f (Z ) - W0| <[z given by 0
<|Z - ZO| <0.
We Write Lim f° (Z) =w,
z - z,

Analytic Function:

Definition
A function f (Z) is said to be continuous at z =z, if f (Zo) is defined and Lim  f (Z) =f (Z0 )
z —» z,
Definition
. .\ . . o (Z+AZ)— (Z :
A function f (Z ) is said to be differentiable at a fixed point z if Lim e exists.

Az - z,

This limit is called the derivative of f° (Z) at the point z and it is denoted by [’ (Z)

Note
Here z + Az is a neighbourhood point of z with small distance Az, can be chosen in any side of z. This is

an important aspect in the above definition.

Definition
A function f (Z ) is said to be analytic at a point z = @ in aregion R if

() f(z) is differentiable at z = a
() f (Z) is differentiable at all points for some neighbourhood of z = a .

Definition
A function f (Z) is said to be analytic in a region Rif f (Z) is analytic at all points in the region R.

Note
Instead of the term analytic in R, the terms holomorphic I R and regular in R are also used.



CAUCHY-RIEMANN EQUATIONS

We shall now obtain the necessary conditions for a complex function f (Z ) = u(x, y) + iv(x, y)
to be analytic.

Let f (Z) =u +1iv be analytic in a region R in z plane.
= f (Z) is differentiable in R.

= £'(z)=Lim f(z+02)- 1(z)

exists in R.
Az
Az - 0 (D)
Let z=x+iy
Uz=Ax+ily
Uz+Az = (x+iy)+(Ax+iAy)
= (&) +i(y + )
Now  f(z)=ulx,y)+ivlx,y)
Df(z+Az)=u(x+Ax,y+Ay)+iv(x+Ax,y+Ay) e (2)
Case (i): Choose z + Az along the horizontal line through z. Then Ay =0
UAz = Ax

Az - 0=>Ax - 0
Now From (1) and (2),

F(2) =Lim 11l ¥ By + ) bivlor + A,y + By)] [l ) + vl )

Az - 0
L B y)+iv(e + A y) - ufx,y) - iv(x, )
DAx
Ax - 0
L Dl A y) - ule p)| + iyl + A y) - vix, )
Ax
Ax - 0
:Limu(x+Ax,y)‘u(x,y)+l. Lim V(X+AX,y)—v(x,y)
Ax Ax
Ax - 0 Ax = 0
rE=L o

Case (ii)
Choose z +/Az along the vertical line through z. Then Ax =0



= Az =iy

From (1) and (2),
(o) = Lim 1 A0y By)+ ivlot A,y + By)] = fule ) + vl )
Ax +ily
Az - 0
Lim ulx,y +by) +iv(x, y + Ay) =ulx,y) - iv(x, )
iy
1 [uley+ ay) e y)]+ ilv(x y + A7) - v(x, )
i Ay

Uouloy+oy)-ulvy) o vy +4y)-v(xy)
i Ay Ay
Ay - 0 Ay - 0

f(z)=—l—+zd— .. (4

Equating the real and imaginary parts, we get

du _dv_du __dv

dx dy dy dx

The above equations are known as Cauchy-Riamann equations (or) C-R equations.

SUFFICIENT CONDITION FOR A FUNCTION f (Z) TO BE ANALYTIC

Continuous single valued function f° (Z ) =u + ivis analytic in a region R if

du du dv dv

(i) the four partial derivatives — ,— exists and all are continuous

dx’E, dx dy



Proof
By Taylor’s series

ﬂwww+ﬂ=f@ﬁ+&i+hi}ﬁy%lvﬁdki}f&ﬁ+m
dx dy d

2!
Let z=x+iy = Az =Ax+il\y
2+ Dz =u(x+iy)+ (Ax +ity) = (x+AX)+l(y+Ay)
f(z+Az) (x+Axy+Ay +lvx+Ax y+Ay)

2
:u(xsy) [ _+Ay j _( i+Ay d] M(X,y)
dy dx dy
d
ot o)+ a0 o) )

'y
(x y)+Ax—+Ay—+z[vx y +Ax—+Ayva
dy dy
(x y +1vx y +Ax[dx +1—j+Ay(%+lj—;]

[Omitting the higher powers of Ax,Ay ]
dv . du
—+i— [+ Ay ——+i— by CR equations
dx ldxj y( dx ldxj [by s |

+Ay[i2ﬂ+i@j [Since i*=-1]
dx dx

(by C-R equations)

(D



= £'(z) exists and ﬂ,ﬂ,ﬂ,ﬂ are all continuous
dx dy dx dy

Example: 1  Test whether the function f (z) =z’ + z is analytic or not.
Solution: Let f (Z) =z +z

=utiv= (x+iy)3 +(x+iy)
= x> +3x° (iy) + 3x(iy)2 + (iy)3 +x+iy

[since (a +b) =a’ +3a’b+3ab* +b°]

=x’ +i3x7y -3xp° —iy’ +x+iy

[Since i*=-1, i® =—i]
= (x3 —-3xy* + x)+i(3x2y -y + y)

Equating the real and imaginary parts, we get

u=x"-3xy° +x, v=3x"y-y’+y
3%=3x2—3y2+l; ﬂ:6xy—0+0=6xy
dx dx
@:o—3x(2y)+o; ﬂ:3x2(1)—3y2+1
dy dy
= —6xy; :3X2 _3y2 +1
du_dv =y
dx dy’ dy dx

= C-R equations are satisfied.
= f(z)=2* +z is analytic.

Example: 2 Define an analytic function. Determine whether the function w =2xy +1i (x2 - yz)
is analytic|

Solution: A function f (Z) is said to be an analytic function at z = @ in aregion R if
() f(z) is differentiable at z = a

i) f (Z) is differentiable at all points for some neighbourhood of z = a

A function f (Z) is analytic in a reigion R if f (Z) is analytic at all points in the region R.

Now w:2xy+i(x2 —yz)
:>u+iv:2)cy+i(x2 —yz)



Equating the real and imaginary parts, we get

u =2xy; v=x’—-y’
3%:2)/; ﬂ=2x
dx dx
ﬂIZx, ﬂ=2y
dy dx
dx dy dy dx

= C-R equations are not satisfied.
= w is not analytic.

Example:3 Find the constants a,b and c if [ (z) =x+tay+ i(bx + cy) is analytic

Solution: Let f (Z) =x+ay+i (bx + cy)
=Su+tiv= (x+ay)+i(bx+cy)

Equating the real and imaginary parts, we get

u=x+ay; v =bx+cy;
j@:; ﬂ:b
dx dx
du _ dv _
—=a; —=c
dy dy

Since f (z) is analytic, we have

du _dv du _ _dv
dc dy’ dy dx
=c=land a=-b

= ¢ =1 and a = -b,b may be any value.

Exampled: Verify whether [ (Z ) = sinh z is analytic using C-R equations.

Solution: Let f (z) =sinhz
=Su+tiv= sinh(x + z'y)
= lsin i(x+iy) [since sinifd =isinh 8]
i

[AU June 2001] [MUOCTOBER 2001]



= l_sin(ix + izy)
i

= lsin(ix -y) [Since i*=-1]
i

= %{sin iX COS y —cosixsin y}
[since sin(a - b) =sinacosb —cosasinb ]
= %{z sinh x cos y —cosh xsin y}
[since sini@ =isinh @, cosif =icosh @]
=sinh xcos y —%cosh xsiny

=sinh xcos y +icosh xsin y [sincel/i = —i]

Equating the real and imaginary parts, we get

u =sinh xcos y; v =sin ycosx
du v
— =coshxcos y; — =sin ysinh x
dx 4 dx 4
du . . dv
— = —sin y.sin x; — =cos ycoshx
dy dy
du _dv du _ dv
=>—=—; — =
dx dy dy dx

= C-R equations are satisfied.
= f (Z ) =sinh z is analytic.

Example:5 Find the analytic region of f (Z) = (x - y)2 +2i (x + y)
Solution: Let f(Z) = (x - y)2 + Zi(x + y)

(ie.) u+iv= (x—y)2 +i2(x+y)
u =()c—y)2 and v=2(x+y)

uy:—2(x—y) v, =2
The C-R equations will satisfy only if x —y =1. Hence the function is analytic only on the line
x—y=1.

Example6: verify if the function e cos2y can be real
/imaginary part of an analytic function

Solution: Let f =e > cos2y



f.==2e 7 cos2y
f. =4e cos2y

f, = —2e ™ sin2y
S = —4e cos2y

foutf, =0 0 f is harmonic

In a simply connected domain, every harmonic function is the real part or the imaginary part
of some analytic function.

U Given is a real or imaginary part of an analytic function.

PROPERTIES OF ANALYTIC FUNCTIONS

Property: 1
Show that an analytic function with constant real part is constant. [Anna UQ]

Solution: Let f (z) = u +iv be analytic
du _dv du __dv

dx dy’ dy dx

:@—O, @—0
dx dy
dv dv

=—=0, —=0 by (1
i e [by (1) 1]

= Vv is independent of x and y
= V is constant

= Vv =c,,C, isconstant (say)

= f(Z) =u+iv=c, +ic, isaconstant.

Property: 2
Show that an analytic function with constant modulus is constant.

Solution: Let f (Z) =u +iv be analytic

du _dv, du _ dv

dx dy’ dy dx
Given that | f (Z)‘ = Constant.

=Au’ +v? = ¢,,C, is a constant.
=u’+v’ =c%
Differentiate partially with respect to x, y we get



du dv du dv

2u—+2v— =0, 2u—+2v— =0,
dx dx dy dy
du . dv du , dv
>u—+v—=0, u—+v—=0,
dx  dx dy dy
du | dv dv . du
>u—+v—=0, —u—+v— =0,
dx  dx dx  dx
du dv _ du dv _
=>u—+v—=0, v——u— =0,
dx  dx dx  dx
Now =u’ -y’ :—(u2+v2)
-u
= —cl2 #0
U The above equations have trivial solution.
] ﬂ = 0’ ﬂ =0
dx dx
dr_y di
dy dy
Hence d—=@— , ﬂ-ﬂ-o
x dy dx dy

= u,V is independent of x and y
= u and v are constants
= f(Z) =u +iv is a constant.

Property: 3

Show that an analytic function with constant imaginary part is constant.

Solution: Let f (Z) =u +iv be analytic
du _dv du _ dv

dx dy’ d_y dx
Given that v =Constant =, (say)

[by (D]

[by (1]

—=0, — =0,
dx dy
du du
= —=0, — =0, by (1
d i [by (1)]

=> u is independentof x and y
= u =Constant=c, (say)
= f(Z) =u+iv =c, +ic, = Constant.

Property: 4
If f (Z) is a regular function prove that

)



[dz ; ;ly }| £ =Gy

dx?
[MU April 2002, April 2000, AU Nov 2003, April 2004]

2 2 2
Solution: [% + g}—2}|f(z)|2 = 4$‘f(z) ’
[By Property 6]

—4—[f _(_)] [SmceZZ—|Z‘]
n [f (Z)] [Since f (E): f (E)]

_ 41(1][ f)r (;)]

dz\ dz
=44 1G]
arfre
=4/'(2)/" @)= 4 ()
Property: 5
If f (Z)is an analytic function prove that
[57 : 57] loglf (2] =0 (Anna UQ)

2 2
Solution: (;;2 + ;}2 Jlog|f(z)‘

=4 g )7

[Since|z‘ = (ZZ

d* 1
=4 —lo Sinceloga™ = xloga
dd 2 g[f () [ g ga]

= [logf + logf( )] [Sincelogmn =logm +logn |

zzdi[ )[logf (2)+10g /]

—i 1' :
_d{-l-fzf }

Property: 6
If f (z) is an analytic function, prove that



d2 d2 P 2 P2 o 2
dez +dy2]|f ()" =Pl ()

Solution: [522 + a J|f(z)|p =4 d2—|f(z)|p

dy? d.d.
—4 aa; [ f(z)f(?)% T [Since|Z‘ = (Z)%]
_4 "a £y {S"”"e (;ZZ)) =i ]

—
~
—~
N
N
N
) \I“u
~
—
N
N—

1
S
\\

N
—

N‘"i
\\

N
~—

| Nl*@ NQ.

=B 6 )
= p? (f(;)f'(z))p?—z ]_f'(z)f(g) [Sincea™ b™ = (ab)" ]
=p

POLAR FORM OF CAUCHY RIEMANN EQUATIONS
Let z=reand f(z)= p(r,0)+i0(r,6)
Then p(r,8)+i0(r,6) = f(reig)
Differentiating (1) partially w.r.t to r, we get
oP .00 _ ()6
o +i e f (re )e
Differentiating (1) partially w.r. to 8, we get

% + ig_% = f'(reig)r.eie

= rilf (e )



=lr—p+i2ra—Q
or or

:ira—p—ra—Q [Since i*=-1]
or or

Equating the real and imaginary parts, we get
W __ 30 00_
06 o’ 068  or
09 _-1dop 0p_100
o r 08 or raéd

The above equations are called Cauchy Riemann equations in polar form.

Show that f(z)=z" is differentiable and hence find its derivative.

Solution: Let f (Z) =z"
= P+iQ= [re“g]n
=r"e"® = r"[cosn@ +isin nd)
=r"cosn@+ir"sinnd
Equating the real and imaginary parts, we get

P=r"cosnb, QO =r"sinnd
a—P:nr”_1 cosnd, %0 =nr"'sinnd
or or
LI r" (- nsin n8) a—Q=r”.ncosn6?
06 06
= O_P = ' cosn@ = 01T cosnd = (6_le
or r or )r
a_Q:nr”_l Sinngz—nr Slnne:(—a_le
or r or )r

= C-R equations are satisfied
= f(z)=2z" is differentiable

Now f" (z) = e_ig{a—P + za—Q}

or or
=e™? [nr”_l cosn@+inr"" sinn HJ
=e™? (= e’ )(cosn@ +isinn6)
= e
- e_i9+in€.nrn_l

n-1

[Since a”.a" =a™™"]
- nrn—leiﬁ(n—l)



. -1 . m m . m
= n[re“g]n [Since (ab) =a"b"]
=nz""
= f'(z) =nz""
Example: 3 Show that r" = asecn@,r" =bcosecn interested orthogonally where is an integer,
a and b are constants.

Solution: Given that

r" =asecné, r" =bcosecnl
= r =aq; r—:b
secn@ cosecnt
= r"cosnf =a; r"sinn@ =b,
Consider  f(z)=r" cosn@ +ir" sinnd
Then P =r" cosné, Q=r"sinné
a—=nr”_1 cosné; LY =nr""sinnd
or or
9P _ r" (- nsin n@) a—Q=r”.nc0sn6?
046 de
ja_P:la_Q; 99 _-1op exceptat r =0
or rofd or r 06

= f (z) is analytic except at » =0
Also we know that if f(Z) = u + iv is analytic then the family of curves u(x, y) =c, v(x, y) =c,
Insects orthogonally.

Or"cosn@=a, r"sinn@=Db,Intersects orthogonally.

=r" =asecnf, r" =bcosecnf Intersects orthogonally.

HARMONIC FUNCTIONS
Definition
. ’p d’p . . . .
An expression of the form e + e 0 is called the Laplace equation in two dimensions.
X v
Definition

Any function having continuous second order partial derivatives which satisfies the Laplace is
called harmonic function.
Definition

Any two harmonic functions « and v such that f (Z) =u +iv is analytic are called conjugate harmonic
functions.

Note: If # and v are conjugate harmonic functions then u is conjugate harmonic to v is conjugate
harmonic tou .



Property: 13
If f (z) =u +ivis an analytic function then u is a harmonic function.
Solution: Let f (z) =u +iv be analytic
du _dv du _—dv

dc dy’ dy dx

2
Now 4 ;) V ( i(—j
x> oy’ 0

als ) ala)

_ 0%u N 0°u
axay Oyax

U v is a harmonic function.

. —2_.2 - ") .
Example: 1 prove that u =x" —y~,v= pER are harmonic
but u +ivis not a regular function.

Solution: Let u =x" — y*
= 9 _ =2x; ou =2y
Ox dy
2 2
= 6_1; = 2’ a_LZl =2
Ox oy
2
0 a—“ 9 = y-2=0
x> dy’
U u is harmonic
— _a®)
Let v=
et v AN
oz ry7p-s(e)
- (— 2xy) 2xy

(o) ()
azv_(x2+y2)( ) 2xy2(x +y)2
o’ (x +y )4

_ )+ py -8y
b +57)

_2x7y+2y° -8x%y

()




_ 2y° —6x7y
b +37)

ov _ =+ J1)- »(2y)]

ay (x2 +yz)2
_ _lxz +y2 _2)/2]
>+ 52 )
_ _|x2 _y2|
(> + 52
2 _ 2
= (x); +yx2)2
0%y _ (x> +y*f (2y)- (2 -x* pl® + y* f2y)
6x2 (x2 +y2)4
_ ) 02 Jey) -4yl -2
> +y2)

_ 2xzy+2y3 —4’)/3 +4xy2
4y
_ 6)c2y—2y3
4y
_ (Zy3 —6x2y)
+y)
0%y N 0%y _ 2y3 —6x2y \ (Zy3 —6x2y) ~0
0x2 0y2 (x2 + y2)3 (x2 + y2)3
v 1s harmonic

But d_u =2x; 6_14 =
Ox oy

_2y

= f (z) =u +ivis not analytic.

CONSTRUCTION OF CONJUGATE HARMONIC FUNCTIONS
Method 1
Suppose u is given

Then a_u,a_u are known.
Ox Ody



Now by total derivative,

ov = @.ax + ﬁay
Ox dy
=_au6x+a—u.6y Since+au =@;0_u=—_6v
0y 0x Ox 0dy Ody Ox

Integrating on both sides. we get

Iav: j [_a—m’ax+‘;l.ayj

) X
- 0u Oou
=vy= —O0x+—2.0
’ -[ (ay ’ Ox yj
Method: 2

Suppose v is given

Than a_u’a_u are known
Ox Ody
Now by total derivative,

Oou = a—”.ax +a—u6y

Ox dy
ov Ov { Ou _0v Ou —av}

=—0Ox——0dy <Since—=—;—=
Ox dy Ox OJdy dy Ox

Integrating on both sides. we get

jau = j (?0x+?.6y}

y X
ov ov
= —0x+—.0
=u j (6y X 5 yj

Example: 1 Find the real part of the analytic function whose imaginary part
is le_x (2xycos y) + (y2 —x7 Jsin yJ

Solution: Given that v =e™ [2xy cosy + (y2 - x’ )sin yJ
? =e " [2y cos y(l) +sin y(O - 2x)]
x
+ [ny cosy + (y2 -x’ )sin yJ(— e”‘)
= e_x[Zycosy —2xsin y—2cosy — y’sin y +x’sin y

=e_ |cos y(2y = 2xy)+sin ylx* —y? —2x

leos y(2y = 2x) +sin y{a? - y* 22

? =e" [2x(y(— sin y)+ cosy+ (y2 - xz)cosy +sin y(2y _0)]
'y

=e™ [— 2xy —sin y +2xcos y + (y2 - xz)cosy + 2ysinyJ
=e™” [sin y(2y = 2xy) + cos y(2x +y? —x’ )J



Now real part u :I?d —@dy

Ox
= Ie_x [sin y(2y 2xy) + cos y(2x +y* - xz)dx
I [cosy (2y —2xy) +sin y(x2 -y —2x)]dy
= smyJ‘ |_2y 2xy)a’x +cosyJ‘ (2x +y° —x )dx
—e” J-cosyl 2y =2xy)dy —e” J-smy(x2 -y’ —2x)Ja’y
= sinyl_ 2y ny)( B ) (O 2y)( B )]
+ Cosyl(Zx +y° —x )( ) (2 +0+ 2x)(e x) (— 2)(— e_x)J
~e™[(2y ~2xy)(sin y) - (2 = 2x)(~ cos y )
—e" l(x2 -y’ - 2x)(cos y)=(0-2y = 0)(=sin y)+ (- 2)(cos y)] +C
=sin yl_— 2ye " +2xye " + 2ye”‘]
+ cos yl_— 2xe™ = yle ™ +x’e ™ —2e ™ +2xe Tt + Ze_xJ
e_x[Zysiny —2xysiny+2cosy — 2xcosy]
—e”‘l—x2 cos y+ y>cosy+2xcosy—2ysin y —2cosyJ+C
=sin y(nye_““)+ cos y(x2 -y’ )e_’“ —2ye *siny
+2xye “siny—2e “cosy+2xe " cosy
+ (x2 -y’ )(cos y)e™ —2xcos ye™ +2ye ™ sin y +2xe™ cos y + C
=2xye “siny + (x2 - yz)e_" cosy+C
= u(x,y)=e™ l2xysiny + (x2 -2 )cos y] +C

1
Example: 6 show that the function u = Elog(x2 + 5’ )is harmonic and find its conjugate

Solution: Let u = %log(x ‘+y 2)

a_u:l —1 (2x):—x
o 2(x*+y° x>+’




_x2+y2—2y2_ xz_yz __(yz_xz)
R N N
62u+62u: y:=x’ _Vmx)
ot ot (¢ +yr) (2 4y?)

U u is harmonic.

Now =

Now v:jg—;‘)dx+3—1dy
= +yy2 v+ iyz dy
:J-xdy—ydx :J- xdy = ydx
52 +y2 x2(1+(y/x)2)
:J. d(y/x)
1+(y/x)

v=tan"'(y/x)+C

CONFORMAL TRANSFORMATION

Definition:
Conformal mapping

A mapping or transformation which preserves angles in magnitude and in
direction between every pair of curves through a point is said to be conformal at that point.

Isogonal Transformation
The transformation preserves the angle in magnitude but not in direction
between every pair of curves through a point is said to be a isogonal at that point.

Critical Point:
A point at which f'(z) =0 is called a critical point of the transformation.

ie) At the critical point, the transformation w = f(z)is not conformal.

Example: Find the critical points for the transformation w* = (z - a')(z - ,8)
Solution: w* = (z-a)(z - f)
2w%:(z—a)+(2—ﬁ):2z—(a+ﬁ)
z
dw 1

DWZ:Z_E(U'Fﬁ)



d
Critical points occur at d_w =0
z

Dz—%(a+,8)=0

Also @ = 4

E i (a+p)

d
The critical points occurs at d_w =0
Z

0—2> =0

(o +B)
=>w=0

= (z-a)z-p)=0

=z=a,z=0

z -

N | —

[ The critical points occur at [1 z = %(a +0),a&

Simple Translations
(i) Translation:
The transformation w = z + @ where a is a complex constant,represents a translation.
Let z=x+iy,w=u+iv and a =q, +ia,,
Then u +iv=(x+iy) +(a, +ia,)

= (X+a1)+i(y+a2)
Uwu=x+a, and v = y +a, are the equations of transformation,

The image of the point (X,y) in the z-plane is the point (x +a,y+ b) in the w-plane.

[l The transformation w =z + a translates every point (x , y) through a constant vector
representing ‘a’ .

Every point in any region of the z-plane is mapped upon the w-plane in the same manner.
If the whole w-plane is superposed on the z-plane the figure is shifted through a distance
given by the vector ‘a’.

In particular this transformation maps circles into circles. Also the corresponding region in
the z-plane and w-plane will have the same shape, size and orientation.

(ii) Magnification:
The transformation w =az, where a is a complete constant, represents
magnification.
Now w = az
Su+iv=a(x+iy)
= u =ax,v=ay are the equators of transformation.



It is clear that the image of any figure in the z-plane is magnified ‘a’ times. Without any
changes in its shape and orientation. The transformation maps circles into circles.

(iii) Magnification and Rotation:
If we consider ‘a’ is a complex number it represents both magnification and

rotation.
Let z =re'?,a = ae’” and w=Re™
A
¥
w2
P,
‘_' B
¥
2 plane
Now w = az

= Re” = ae”re®

=>R=ra,¢g=+6
The image 6 of any point p in z-plane is obtained from p by rotating op through an angle
a =arg’a’ and magnifying op in the ration |a| .
The transformation w = az corresponds to a rotation together with a magnification.

Example 1: Find the image of the circle |z|=c by the transformation w = 5z

Solution: Given w = 5z
Ou+iv=>5x+iy)
= 5x + iS5y
=>u=5x,v=5y

Given |z|=C
Sy Hi=c
=>x+y’ =(C’
(5] {) =
5 5

= u’ +v? =25C?



—u’+y? = (SC)2

N |z| = C Maps to a circle in w-plane with centre at the origin and radius 3C.

The Transformation w = 1
zZ

1
The transformation w = — is conformal at all points of the z-plane except at z = 0.
z

Put z=x+iy and w=u +iv then

utiv= -
Xty
oty = I u-iv
x+iy= — =
u+iv u’+v’
+ip=_ U .V
= x+tiy=— l

u® +v’ u® +v’
Equating real and imaginary parts,

u 1%
X=————&y=———
u2+V2 u2 +V2
1
Also x2+y2:ﬁ
u-tv

Case (i)
The line x = 0 (ie) the imaginary axis in the z-plane.
When x = 0, u = 0 which is the imaginary axis in the w-plane.

L] The imaginary axis in the z-plane is mapped to the imaginary axis in the w-plane.
Case (ii)
The liney =0

Wheny=0,v=0
LI The real axis in the z-plane is mapped to the real axis in the w-plane.

Case (iii)
The equation of any line parallel to x- axis in the z-plane (i.e.,) y =k
_ v
Y= u? +12
v
Uk=-———
u’ +v?

v
:>u2+v2+z=0



2 2
=Su’+|v +L = L
2k 2k
This is a circle in the w-plane with centre at [0, ;—;j and passes through the origin.

LI The line parallel to real axis in the z-plane map into a family of circle in the w-plane passing
through the origin and having centre on v-axis.

Case (IV)
The equation of a line parallel to y-axis in the z-plane (ie) x=c¢
u
Given x =
u2 + vZ
c=—2%
u® +v°

u
=Su’+v +—=0
c

1 2 , 1 2
=>|u—-—— +y° = —
2c 2c
. . . . 1 |
This is a circle with centre at 2—,0 and radius is 2—
c c

Hence the line parallel to y-axis in the z-plane map onto the family of circles in the w-plane
passing through the origin and having centre on axis.

Case (v)
Consider the line y-axis in the z-plane
Now 1 = ﬁ
s \ B4

u 1 ( x 1 J
Puty=mx > —=-——|"—=—
v m\ 'y m
U V' = —mu , which is a straight line in the w-plane passing through the origin.

Hence the line y = mx passes through the origin maps into the straight line v =- mu in the w-
plane.

Case (vi)

The equation of a circle centre at the origin x* + y*> =77

We know that x* + > =———
u® +v°

1
Ou® +v? =— Which is a circle at the origin in the w-plane.
r



1

LI The circle x> +y*> =r* maps into the circle u° +v* =—
r

[] The circle x> + y*> >1 in the z-plane maps into the region x”> + y*> <1 (ie) the exterior of unit

circle |z| = 1 maps into the interior of the unit circle || =1.Also the interior of the unit circle

|z| =1 maps into the exterior.

Example 2: Find the image of |z —2i| =2 under the transformation w = 1
z

Solution: Given |z —2i[ =2

|x+iy—2i|:2

|x+i(y—2)|=2

\x? +(y—2)2 =2
x4 (y-2) =4
x'+y*+4-4y=4

1
The given transformation is w = —
z

N u v
x:—y:——
2 2 2 2
u-+v u- +v

Substitute the values of x and y in (1)

2 2
u -V -V
— | | ———| -4 ———-1|=0
=u’+v: +4vu’ +v*) =0

=’ +v)1+4v)=0
= (1+4v) =0 which is the straight line equation in the w-plane.

Example 3: Find the image of the circle |z - 1| =1lin the complex plane under the mapping
1

w=—
z

Solution: Given |z -1/ =1
|x +iy— 1| =1
(=17 +)% =1

=x’ -2x+1+y° =1



Given transformation is w = —
z

y
2 } 2° 2 2
Sllbstitllte in (1)

u ? -v Y u
) ) At
=u’ +v’ —2u(u2 +v2):0
=W’ +v)(1-2u)=0
=(1-2u)=0
Which is the straight line equation in the w-plane.

= x=

BILINEAR TRANSFORMATION

Definition: Bilinear transformation (or) Mobius transformation (or) linear
fractional

. az+b
The transformation w = 2= sad —bc # 0 where a, b, ¢, d are complex

cz+
constants is called the bilinear transformation.

Fixed Point (or) Invariant Point:

A fixed of a mapping w = f(z) is a point z whose image is the same point.
The fixed point or invariant points of the transformation w = f(z) are obtained by
solvingz = f(z).

+
The fixed point of w = az+b
cz+

This is a quadratic equation in z, giving two values of z unless a=d and b = ¢ =0.
Hence, a bilinear transformation has (at most) two fixed points.

+
are obtained by z :ﬂ: cz’ —(a—d)z—b =0
cz+d

Cross Ratio:

(Zl ) )(Z3 _24)

If z,,z,,z, z, are four complex numbers, then is called the cross
(Zl Z4 )(23 Zz)

ratio of four pointsz,,z,,z, z,.

Properties of Bilinear transformation:



1. The bilinear transformation always transforms circles into circles with lines as limiting

cases.
2. The bilinear transformation preserves cross ratio of four points.

2z-5
z+4

Example: 1 Find the fixed points for the transformation w =

Solution: Fixed points are obtained from
_2z-5
C z+4
=z’ +4z-2z+5=0
=z +2z+5=0
O0-=— 2+ 4
2

z

Example: 2. find the bilinear transformation mapping the points z = 1,i,~1 into the points
w =2,i,—2 respectively.
Solution: The bilinear transformation is given by

(W_Wl)(wz _Ws) — (Z_Zl)(ZZ _23)

(W_Ws)(wz _Wl) ) (Z_Z )(Zz _Zl)

2w z(3+i+3-i)+3-i—-3—i
—4  z(3+i-3-i)-3-i-3+i

w_6z-2i
-2 2iz-6
_—6z+2i
w=s ———n———
iz=-3

Example: 3 Find the mobius transformation that maps the points z = 0,1, into the
points z = —=5,—1,3 respectively. What are the invariant points of this transformation?
Solution: The bilinear transformation is given by



(W_Wl)(wz _W3) - (Z_Zl)(zz _Zs)
(W_W3)(W2 _Wl) (2_23)(22 _Zl)
Since z, = o, we simplify the transformation
(W_Wl)(wz _W3) - (Z_Zl)
(W_Ws)(wz _WI) (Zz _Zl)
(r+3)-4)_(e-0)
(w-3)4) (1-0)

(w+5)
~(w-3)
= w+5=3z—-wz
=>w(l+z)=3z-5

w =

is the required transformation.
+z

To get the invariant points, put w =1z

3z-5
z+1
=z’ =2z+5=0

Hz=

2+4/4-20

2
2+4i

\e
+

z =

=1x2i
[l The invariant points are z=1+2;

Example: 4. Find the bilinear transformation that maps the points z = 0,~1,/ into the points
z =1,0,% respectively.

Solution: The bilinear transformation is given by
(W_Wl)(wz _W3) - (Z _Zl)(ZZ _Zs)
(W_W3)(W2 _Wl) (Z _23)(22 _Zl)
Since w; = o, we simply the transformation.
(W_Wl) — (Z_Zl)(zz _Z3)
(Wz _Wl) (Z _23)(22 _Zl)

(w=1) _ (z-0)(-1-1)
0-1) (z- )() 0)

-z(1+
(Z( ) is the required transformation
z—i

w=1=
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