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DEPARTMENT OF MECHANICAL ENGINEERING
MEG505 DYNAMICS OF MACHINES
UNIT NOTES

UNIT -1 - Force Analysis

D’Alembert’s principle states that the inertia forces and torques, and the external forces and
torques acting on a body together result in statical equilibrium. In other words, the vector sum of all
external forces acting upon a system of rigid bodies is zero. The vector sum of all external moments
and inertia torques acting upon a system of rigid bodies is also separately zero.

The principle of super position states that for linear systems the individual responses to
several disturbances or driving functions can be superposed on each other to obtain the total
response of the system.

The inertia force is an imaginary force, which when acts upon a rigid body, brings it in an
equilibrium position. It is numerically equal to the accelerating force in magnitude, but opposite in
direction.

The inertia torque is an imaginary torque, which when applied upon the rigid body, brings
it in equilibrium position. It is equal to the accelerating couple in magnitude but opposite in
direction.

1. The lengths of crank and connecting rod of a horizontal engine are 200mm and 1m respectively. The

crank is rotating at 400rpm. When the crank has turned through 30° from the inner dead centre, the
difference of pressure between cover and piston rod is 0.4N/m?. If the mass of the reciprocating
parts is 100kg and cylinder bore is 0.4m, the calculate: (i) inertia force, (ii) force on piston,
(iii)piston effort, (iv) thrust on the sides of the cylinder walls, (v) thrust in the connecting rods and
(vi) crank effort.

Given: r=200mm =0.2m, I=1m, N=400rpm, 6=30° p1-p2=0.4N/m?=0.4x10° N/m?,

mR=100kg, D=0.4m.
Solution: ®=2nN/60 = 2n x 400/60=41.89 rad/s
0] Inertia force (Fi) :
Fi= MR o r (cos0+Cos20/n) = 100 (41.89)%0.2 (cos30°+cos2x30%/5)
Fi= 33.903kN ans
(i)  Net load on the piston(F.):
FL=(p1-p2)A = (0.4x10%x m/4(0.4)*
FL=50.265kN ans
(i) Piston effort(Fp):
Fp=F.-F) = 50.265 x10°% — 33.903x10°
Fp = 16.36kN ans
(iv)  Thrust on the sides of the cylinder walls (Fn)
Fn= Fp tand
sin ¢ = sin 6/n =sin30%5=10.1
¢ =15.74°
Fn=Fp tang 16.36 tan5.74 = 1.644kN ans
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(V) Thrust in the connecting rod (Fo)
Fo=Fp/cos ¢ =16.36 x10%/c0s5.74 = 16.444kN ans
(vi)  Crank effort (T):
T =F7 xr
Fr= Fo sin (6+ ¢) = 16.44 x10% sin (30%+5.74% = 9.605kN
T =Frxr=9.605x10°x 0.2 =1921.13kN ans

2. A single cylinder vertical engine has bore of 300mm and a stroke of 400mm. the connecting rod is
1000mm long. The mass of the reciprocating parts is 140kg. on the expansion stroke with the crank
at 30° from the top dead centre, the gas pressure is 0.7Mpa. if the engine runs at 250 rpm determine:
1) net force acting on the piston ii) resultant load on the gudgeon pin, iii) thrust on the cylinder walls,
and iv) the speed above which other things remaining same, the gudgeon pin loads would be

reversed in direction.

Given: D=300mm=0.3m, L=400mm=0.4m, r=04/2=0.2m, |=1000m, mR= 140kg, p=0.7x10° N/m?,
N=250rpm.
Solution: ®=2nN/60 =2m x 250/60=26.18 rad/s
n/r-=1/0.2=5
Q) Net force acting on the piston (Fp):
Fp=FL-F
Fi=px m/4(D)? = 0.7 x10° (m/4 x0.3%) = 49480.1 N
Inertia force on the piston is given by
Fi= MR o r (cos0+Cos20/n) = 140 (26.18)%0.2 (cos30°+cos2x30%/5) = 18538.98 N
Fp=FL- Fi =49480.1 — 18538.98 =32314.52 N ans
(i) Resultant load on the gudgeon pin (Fo):
Fo= Fp/ cos ¢
sin ¢ =sin 6/n =sin30%5=10.1
¢ =5.74°
Fo = 32314.52/c0s 5.74 = 32477.3 N ans
(iii)  Thrust on the cylinder walls (Fn):
Fn = Fp tang
Fn=32314.52 tan 5.74 = 3247N ans
(iv)  The speed above which the gudgeon pin load would be reversed in direction:
Fi > force due to gas pressure + mR.g
MR w1 1 (cosf+Cos20/n) = 50.853.5
140 (1)%0.2 (c0s30°+c0s2x30°/5) 50.853.5



www.rejinpaul.com

(01)? = 1880

1= 43.36 rad/s

®1= 2nN1/60

N1=( 60 x 43.36) / 2n
N1=414 rpm ans

3. The turning moment curve for an engine is represented by the equation, T = (20000+9500 sin28-
5700c0s28) N-m, where & is the rotation of the crank. If the resisting torque is constant, find (i)

Power developed, (if)Moment of inertia of the flywheel and (iii) angular acceleration of the

flywheel at 450 of crank rotation from IDC. The speed of engine is 180 rpm and total fluctuation
of speed is 1%.

Given data:
T=(20000+9500 sin 26 — 5700 cos20) N-m
N = 180rpm
W =
18.85rad/sec
0 =45°
Cs=1%or0.01
Solution :

Power developed by the engine work done per revolution = f;” TdO

£"(20,000 + 9500 sin26 - 5700 cos26) dB
=40,000 IT N-m

Tmean = workdone per revolution / 21T = 20,0000 N-

m P =T meanx o =377 KW.

Moment of inertia of flywheel (1) kg-m?2
T =Tmean

(20000+9500 sin 26 — 5700 cos20) = 20000

9500 sin 26 — 5700 cos26 = 20000 — 20000

9500 sin 206 = 5700

c0s20 sin 20 / cos20 =

5700 /9500 tan 26 = 0.6

20 = tan

10.620

=30.96

0=30.96/2

0s= 15.48°. (0 =15.5,0c =90+ 15.5=105.5°)

0s = 15.5% and Oc = 105.5°
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AE = f;; (T — Tmean )d6

= [\ 27((20000 + 9500 sin 26 - 5700 cos26) — 20000)d8
AE =11078 N-m
AE =1 ®?Cs
11078 = 1 * 18.85?
*0.011=3121
Kg.m?
Angular acceleration of flywheel (o) ( 0 =45°)
T excess = T — Tmean
T excess = 9500 sin 20 — 5700
c0s20 T excess =1 x a
9500 sin 2(45) — 5700 cos2(45) = 3121 * q
o = 3.044 rad/s?

4. The turning moment diagram for a petrol engine is drawn to the following scales: Turning
moment, Imm=5 N-m: crank angle, 1 mm=1°.The turning moment diagram repeats itself
at every half revolution of the engine and areas above and below the mean turning moment
line taken in order are 295, 685, 40, 340, 960, 270 mm?.The rotating parts are equivalent to
a mass of 36 kg at a radius of gyration of 150mm.Determine the coefficient of fluctuation

of speed when the engine runs at 1800r.p.m.

Given
m=36kg, k =150mm =0.15m, N = 1800 rpm, ® = 188.52 rad/sec
Solution:
Scale :
1) Turning moment Imm = 5N-m
2) Crank angle 1mm =10
7
= — rad
120

Turning moment =5 xn/180= 0.08722 N-m

Crank angle 0
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A=E
B=E+295
C=E+295-685

D =E +295 - 685 + 40
E=E +295 - 685 + 40 — 340
F =E +295 — 685 + 40 — 340 +960
G = E +295 - 685 + 40 — 340 +960 — 270
Maximum energy at B = E+295
Minimum energy at E = E — 690
AE = ( maximum energy ) — (minimum energy)
= (E+295) — (E — 690)[1mm? = 0.0872 N-m)
= 985 mm?
AE =985 x 0.0872 = 85.892 N-m
AE=mk?®?2cs
85.892 = 36x0.52% x (2nx1800)/60) x cs
Cs = 0.003 (or) 0.3%

5.A shaft fitted with a flywheel rotates at 250 r. p .m. and drives a machine. The torque of machine varies in a
cyclic manner over a period of 3 revolutions. The torque rises from 750 N-m to 3000 N-m uniformly during
1/2 revolution and remains constant for the following revolution. It then falls uniformly to 750 N-m during
the next 1/2 revolution and remains constant for one revolution ,the cycle being repeated there after.
Determine the power required to drive the machine and percentage fluctuation in speed, if the driving torque

applied to the shaft is constant and the mass of the flywheel is 500 kg with radius of gyration of 600 mm.

Given : N =250 r.p.m. or ® = 2m X 250/60 = 26.2 rad/s ; m = 500 kg ; k = 600 mm = 0.6 m
The turning moment diagram for the complete cycle is shown in Fig

We know that the torque required for one complete cycle

= Area of figure OABCDEF

= Area OAEF + Area ABG + Area BCHG + Area CDH

=GF%GA—%><_—1G»’BG—GHKCH—%KHDKCH
1 o
=6 750 +?><TE{3EJCJD - ?51}] +2?I{3GD'I} - ?:’11}}
+l * IE[3DDCJ - ?SD)
7

=11250 Tt N-m A0
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If T 1s the mean torque in N-m. then torque required for one complete cycle
=T, 06T N-m (i)
From equations (7) and (i),
T, =11250%/6n=1875N-m

E

_-EI', 1125

S 1875 _

:

E 1125

=] i

E A =

! F
o . n 2m 3Im ; 4n Sm G

Ap‘ - Rev. le—1 Rev.—{ S Rev. le—1 Rev. —

Crank angle ——»

Power required fo drive the machine
We know that power required to drive the machine,

P=T _»m0=1875=262=49125W=49.125kW Ans.
Coeefficient of fluctiation of speed

Let Cg = Coefficient of fluctnation of speed.

First of all. let us find the values of L M and NP. From similar triangles ABG and BL M.
IM BM LM 3000 —1875
E:BG or T 3000 — 750 or LM=05m

Now, from similar triangles CHD and CNP,
NP _ CN A NP _ 3000—-1875 _
HO CH T 3000 — 750
From Fig_ 16.8. we find that
BM =CN=3000-1875=1125N-m

Since the area above the mean torque line represents the maximum fluctuation of energy.
therefore, maximum fluctuation of energy,

AE = Area LBCP= Area LBM+ Area MBCN + Area PNC

05 or NP=05RW

1 1
=§><LMXBM+MN><BM+;><NP><C‘N

1 1
=E>< 05m=x1125+2mx1125 +£ x05m=1125

=8837 N-m
We know that maximum fluctuation of energy (A E),
8837 = m.k>.w’.Cg =500 x (0.6)? x (26.2)* x Cg =123 559 C;
8837

Cs = — = 0.071 Ans.
123559
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6.The turning moment diagram for a four stroke gas engine may be assumed for simplicity to be represented
by four triangles, the areas of which from the line of zero pressure are as follows : Suction stroke = 0.45 x
10 —3m? ; Compression stroke = 1.7 x 10 —-3m? ; Expansion stroke = 6.8 x 10 —3m? ; Exhaust stroke = 0.65
x 10 —3m?. Each m 2 of area represents 3 MN-m of energy. Assuming the resisting torque to be uniform,

find the mass of the rim of a flywheel required to keep the speed between 202 and 198 r.p.m. The mean
radius of the rim is 1.2 m.

Solution. Given : ¢, =0.45 x 10 m? ; a, =1.7 x 10 m? ; a, = 6.8 x 10~ m?;
a,=0.65 x 10~ m?: N, =202rpm; N,=198rpm;R=12m

The turning moment crank angle diagram for a four stroke engine is shown in Fig. 16.12.

The areas below the zero line of pressure are taken as negative while the areas above the zero line of
pressure are taken as positive.

Netarea = a,-(a, + a,+ ay)
= 6.8x103=(045x103+ 1.7 107 +0.65* 103)=4x 10" m?

Since the energy scale is | m? =3 MN-m =3 x 10® N-m, therefore,

Net work done per cycle = 4 x 103 x 3 x10%= 12 x 10* N-m sl
We also know that work done per cycle,
= T ean < 4T N-m LR
From equations (7) and (i),
T, oun = FG =12 x 103/41 = 955 N-m
{ _T..'E\.'I_l ____________ - A
! )
S f’/ AE
3 ?///
= /
S /
£ | Tmcan D//zﬂE
g| i
= [ B :
| / \ Line of zero
B G "“ C pressure
b WP 2 YOOGS ,,' . ‘.. ’ 7
0 “ia, a,:5/ 2x 3a\iia, 4n

-~ Suction ¢ Comp ¢+ Expansion ¢ Exhaust |<€—

Crank angle ——»

Work done during expansion stroke

= a, % Energy scale = 6.8 x 107 x 3 x 10°=20.4 x 10°N-m _..(iii)
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Also, work done during expansion stroke
= Areaoftriangle ABC

=%xBC‘xAG=%xnxAG=I.57leG ... (iv)

From equations (iii) and (iv),
AG = 20.4 x 10%/1.571 = 12 985 N-m
- Excess torque,
=AF=AG-FG=12985-955=12030 N-m

excess
Now from similar triangles ADE and ABC,
AF 12 030
DE _AF  DE="_xBC= X 1t=2.9 rad
BC AG AG 12 985

We know that the maximum fluctuation of energy,

AE = Area of AADE :%xDExAF =%x2.9x 12030 N-m

=17 444 N-m
Mass of the rim of a flywheel

Let m = Mass of the nnm of a flywheel in kg, and
N = Mean speed of the flywheel

_ N, + N, _ 202 + 198 <200 r.p.m.
2 2
We know that the maximum fluctuation of energy (AE),
2 2
17444 = " mR N (N = N_) = = x (1.2)7 200 x (202 — 198)
900 : 27900

=12.63m
m = 17444 /12.36 = 1381 kg Ans.
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UNIT -1l BALANCING

Balancing of rotating masses: The process of providing the second mass in order to counteract the

effect of the centrifugal force of the first mass is called balancing of rotating masses.

Static balancing: The net dynamic force acting on the shaft is equal to zero. This requires that the

line of action of three centrifugal forces must be the same. In other words, the centre of the masses of the

system must lie on the axis of the rotation. This is the condition for static balancing.

Dynamic balancing: The net couple due to dynamic forces acting on the shaft is equal to zero.

The algebraic sum of the moments about any point in the plane must be zero.

1. A rotating shaft carries four masses A,B,C and D which are radially attached to it. The masses
centres are 30mm, 38mm, 40mm and 35mm respectively from the axis of rotation. The masses A,C
and D are 7.5kg, 5kg, 4kg respectively. The axial distances between the planes of rotation of A and
B is 400mm and between B and C is 500mm. The masses A and C are at right angles to each other.
Find for a complex (i) the angle between the masses B and D from mass A, (ii) the axial distance
between the planes of rotation of C and D, and (iii) the magnitude of mass B.

Planes Mass Radius Centrifugal force Distance Couple +©?
(m) r +? form R.P
Kg m Kgm m Kg m?

A 7.5 0.03 0.225 -0.4 -0.09

B(RP) mB 0.038 0.038mB 0 0

C 5 0.04 0.2 0.5 0.1

D 0.35 0.14 y 0.14y

£ C

O e (R.P) et +ve

TIH 7

L400 mm
-

SOOmm]
-

3

(a) Position of planes

qop"‘c
198"'//”,‘ \ 

312°

D ® mg

(b) Av.gular position of planes
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f".: c
‘\
\‘ .14
4 ~ 014 v A
t \\ 0.038 mg | e
\\\ - =~ 0.2
- sz » — o
@ _0.09 e ° 0.225 =
(c) Couple polygon (d) Forve polygon
vector bo = 0.14y = 0.142kg —m? y=1.014m
theaxial distancebetweenCand D = y—0.5=0.514m vector do =0.038m; mg= 9.24kg
O~ 198°

2. A shaft has three eccentrics, each 75mm diameter and 25mm thick, machined in one piece with the
shaft. The central planes of the eccentric are 60mm apart. The distance of the centres from the axis
of rotation are 12mm, 18mm and 12mm and their angular positions are 120° apart. The density of
metal is 7000kg/m®. Find the amount of out-of-balance force and couple at 600rpm. If the shaft is
balanced by adding two masses at a radius 75mm and at distance of 100mm from the central plane
of the middle eccentric, find the amount of the masses and their angular positions.

Plane Mass Radius Cent. force + @’ | Distance from | Couple e
(m) kg (r) m {m.r) kg-m plane L.(1)mn (m.rl) }'cg-m')
(1) {2) (3) (4) (5) {6)
L(RP) my 0.075 75 % 107 my 0 0
A 0.77 0.012 924 x 107° 0.04 0.3696 = 107
B 0.77 0.018 13.86 = 10~ 0.1 1.386 x 107
C 0.77 0.012 924 = 107° 0.16 1.4784 = 107
M My 0.075 75 % 107 my, 0.20 15 x 107 my,
(TR Ll
78
AR -
0 @& & &) (i ok
12|
] | | 1205 120°
b 50— fe— B3| 12 KO g8
100 —| 100 (@ 1207 -
s 2 H - ﬁ
75
L

&m

All dimensrons n mon.
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Out-of-balance force = vector oc = 4.75 x 103 kg-m

=4.75x 103 x ¢f = 4.75 x 103 (62.84)>=18.76 N

Out-of-balance couple

Out-of-balance couple = vector o’c’ = 1.1 x 10~ kg-m?

=1.1.107 x ¢=1.1.103(62.84)>= 4.34 N-m

Amount of balancing masses and their angular positions
15 x 10~ mm= vector ¢'o’ = 1.1 x 107 kg-

m? Or my = 0.073 kg

75 x 10-3 m_ = vector do = 5.2 x10-3 kg-m

or m.=0.0693 kg

3. AB,C and D are four masses carried by a rotating shaft at radii 100mm, 150mm, 150mm and 200mm
respectively. The planes in which the masses rotates are spaced at 500mm apart and the magnitude of the
masses B,C and D are 9kg, 5kg and 4kg respectively. Find the required mass A and the relative angular

settings of the four masses so that the shaft must be in complete balance.

Planes Mass Radius Centrifugal force Distance Couple +0?
(m) r +? form R.P
Kg m Kgm m Kg m?

A mA 0.1 0.1 mA 0 0

B(RP) 9 0.15 1.35 0.5 0.675

C 5 0.15 0.75 1 075

D 4 0.2 0.8 15 1.2
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i
. ® 6 0 O

?00 mm §00 mm ‘500 mm

me (e

(b) Angular position of planes
(a) Position of planes

c
1.35
1.2 T — 0
0.1m ¥
0.75 A d
, 0.8
o —- b c
0.675
(c) Couple polygon (d) Force polygon
0= 295 O 145° 0= 165
Vector do = 1.0125=0.1m, m,=10.12kg

4.A shaft carries four masses A,B,C and D of magnitude 200kg, 300kg, 400kg and 200kg respectively
and revolving at radii 80mm, 70mm 60mm and 80mm in planes measured from A at 300mm,400mm and

700mm. The angles between the cranks measured anticlockwise are A to B 450, Bto C 700 and C to D

1209, The balancing masses are to be placed in planes X and Y. The distance between the planes A and
X is 100mm, between X and Y is 400mm, and between Y and D is 200mm. If the balancing masses
revolve at a radius of 100mm, Find their magnitudes and angular positions.

Plane Mass (m) Radius (r) Cent force - g | Distance from | Couple =
kg m (m.r) kg-m Plane x(l) m (m.r1) kg-m’
(1) (2) (3) (4) (5) (6)
A 200 0.08 16 -0.1 - 1.6
X(RP) My 0.1 0.1 my 0 0

B 300 0.07 21 0.2 42
C 400 0.06 24 03 72
Y my 0.1 0.1 my 04 0.04 m
D 200 0.08 16 0.6 9.6
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(@) Position of planes. (5) Angular position of masses.

|

(c) Couple polygon. (d) Force polygon.

m,= 182.5 kg m, = 355 kg
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5.The following data refer to an outside cylinder uncoupled locomotives.

Mass of the reciprocating parts= 300 kg.
Mass of the rotating parts per cylinder = 350kg
Angle between cranks = 90°
Crank radius = 0.3 Cylinder centers = 1.8m
Radius of balance masses = .08m
Wheel centers =1.5m
If whole of the rotating and 2/3 of the reciprocating parts are to be balanced in planes of the driving
wheels,
Find (i) Magnitude and Angular position of balance masses.
Speed in km/hr at which the wheel lift off the rails when the load on each driving wheels is 30KN
and the diameter of tread driving wheels is 1.8m and Swaying couple at speed found in second

plane

Solution : Given : m; =360 kg : m, =300 kg : £ AOD =90° : ry =1rp=03m
a=175m rg=r.=075m;c=2/3.

We know that the equivalent mass of the rotating parts to be balanced per cylinder,

D
m=my =mp=m;+cm; =360+ 7 x 300 =560 kg
. 3 >
1. Magnitude and angular position of balance masses
Let my and m. = Magnitude of the balance masses, and

O and O¢ = angular position of the balance masses mg and m from the crank A.

The magmtude and direction of the balance masses may be determuned, graphically, as
discussed below :

1. First of all, draw the positions of the planes of the wheels and the cylinders as shown 1n
Fig. 22.11 (a). Since the cranks of the two cylinders are at night angles, therefore assum-
ing the position of the cylinder 4 in the honizontal direction, draw OA4 and OD at night
angles to each other as shown 1n Fig. 22.11 (d).

2. Assunung the plane of wheel B as the reference plane, the data may be tabulated as be-

low:
FPlone Mass Radius Cent. force + o’ | Distance Jrom | Couple s
{m) kg {r) m {m.r) kg-m plane L)m | (mrl) kg-n'
(1) (2) 3 4) (5) ()
L(RP) m, 0.075 75 x 107 pr 0 0
A 077 0012 9724 x 107 0.04 03696 > 107
B 077 0.018 13.86 = 107 0.1 1.386 = 107
C 077 0012 924 x 107 016 14784 » 107
M Py 0.075 75 x 107 oy, 0.20 15 x 107 my,
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Cylinder Cylinder 0.3m
«— Wheel B 0
@& ® TO0® g8/ A
cy 03m
0.75m
0.15 m— « 1.45m—> «<0.15m
«— 175m ——
/
(a) Position of planes (&) Position of masses
d'
\ d
\
\
\

a
""""""" ---...1
: 0.75mg ©
\
’ ‘ L o!
25.2

(¢) Couple polygon. (d) Force polygon.

Bc =275° Ans.

mg = 249 kg Ans. By = 174.5° Ans

Speed at which the wheel will lift off the rails
Given :

P=30kN=30%10°N:D=18m
Let

® = Angular speed at which the wheels will ift off the rails in rad/s, and
v = Corresponding linear speed in km/h
We know that each balancing mass

mg = me = 249 kg
Balancing mass for reciprocating parts

c.my
B=

249_-"—xﬂ)-><249 =89 kg

30x10° D
89x0.75

.,.( ... b = rB = rc)
WxD/2=212%18/2=19.08 nvs
= 19.08 x 3600/ 1000 = 68.7 knwh Ans

We know that
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Swaying couple at the speed

We know that the swaying couple

>
! I
>y T *x300(21.2)°0.3 N-m
5 g (21.2)2

= 16 687 N-m = 16.687 kN-m Ans.

a(l—c) g FPO

6. A five cylinder in-line engine running at 750 r.p.m. has successive cranks 144° apart, the distance between
the cylinder centre lines being 375 mm. The piston stroke is 225mm and the ratio of the connecting rod to the
crank is 4. Examine the engine for balance of primary and secondary forces and couples. Find the maximum
values of these and the position of the central crank at which these maximum values occur. The reciprocating

mass for each cylinder is 15 kg.

Solution.Given : N= 750 r.p.m. or 2 = nx 750/60 = 78.55 rad/s ; L=225 mm =0.225morr=0.1125m
=1/r=4;m=15Kkg

Assuming the engine to be a vertical engine, the positions of the cylinders and the cranks are shown in Fig.

(@), (b) and (c). The plane 3 may be taken as the reference plane and the crank 3 as the reference crank. The

data may be tabulated as given in the following table.

Plane Mass Radius Cent. force + @ | Distance from ref. | Couple + o
i) kg (r) m frt.r) kg-m Plane 3 (1) m {ms.rl) I.g-m"
(1) 2) (3) (4) (3) (6)
1 15 0.1125 1.6875 —0.75 — 1.265
2 15 0.1125 1.6875 - 0375 — 0.6328
3(RP) 15 0.1125 1.6875 0 0
1 15 0.1125 1.6875 +0.375 + 0.6328
3 15 0.1125 1.6875 + 0.75 + 1.265

Now, draw the force and couple polygons for primary and secondary cranks as shown in Fig. (d), (e),

(f), and (). Since the primary and secondary force polygons are close, therefore the engine is balanced for
primary and secondary forces. Ans

Line of stroke

—ve R.P. +ve

:—,—_0—-: \ f3/ w (3 2 (0]
/l \3 /\é lt,‘._/: L~ /‘/ ‘ | <\\
| el 9]
(725G} 'L.,\'7'2' 77 )
375|375 375 | 375, ,2\/73\72 5\/?2_\/,/
= e/ .

(a) Position of planes.  (b) Primary crank positions. (¢) Secondary crank positions.
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- ~ -
o = O <1
’.‘ _\J \"\.‘ /,
e @\ /@
(d) Primary force polygon. (e) Primary couple polygon.
@ A
g WY Y = // X
" ‘1 S » \ ©)
o ) oK
2/ 1 ¥ —— _;‘.'_ o - _.\ ______
e/ e USC. \ B
@ @ 2
(/) Secondary force polygon. (g) Secondary couple polygon.

Maximum unbalanced primary couple We know that the closing side of the primary couple polygon [shown
dotted in Fig.(e)] gives the maximum unbalanced primary couple. By measurement, we find that maximum
unbalanced primary couple is proportional to 1.62 kg-m?
. ~Maximum unbalanced primary couple,

UPC.= 162 x & = 1.62 (78.55)" = 9996 N-m Ans.
We see from (e) [shown by dotted line] that the maximum unbalanced primary couple occurs when crank 3 is
at 90° from the line of stroke. Maximum unbalanced secondary couple
We know that the closing side of the secondary couple polygon [shown dotted in Fig.(g)] gives the maximum
unbalanced secondary couple. By measurement, we find that maximum unbalanced secondary couple is
proportional to 2.7 kg-m?

~Maximum unbalanced secondary couple.

2 78.55)°
o 4 z.h;% = 4165 N-m Ans.
n

US.C=27x
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UNIT -1l FREE VIBRATIONS

Types of vibration:
a) The actuating force on the body
b) The stresses in the supporting
medium
1. According to the Actuating force:
(a) Free or Natural vibrations
(b) Forced vibrations
(c) Damped vibrations
(d) Undamped vibrations
2. According to motion of system with respect to axis
(@) Longitudinal vibrations
(b) Transverse vibrations
(c) Torsional vibrations

Terms used vibratory motion: (a)Time period (or)period of vibration: It is the time taken by
a vibrating body to repeat the motion itself. time period is usually expressed in seconds.
(b) Cycle: It is the motion completed in one time period.

(c) Periodic motion: A motion which repeats itself after equal interval of time.

(d)Amplitude (X) The maximum displacement of a vibrating body from the mean position.it is usually
expressed in millimeter.

(e) Frequency (f) The number of cycles completed in one second is called frequency

Degrees of freedom: The minimum number of independent coordinates required to specify the

motion of a system at any instant is known as D.O.F of the system.

1. A vibrating system consists of a mass of 8kg spring of stiffness 5.6N/mm and a dashpot of damping
coefficient of 40N/m/s. Find
(a) the critical damping coefficient
(b) the damping factor
(c) the natural frequency of damped vibration,
(d) the logarithmic decrement,
(e) the ratio of two consecutive amplitudes, and

(f) the number of cycles after which the original amplitude is reduced to 20 percent
Given Data: m=8kg, s = 5.6N/mm = 5.6 x 103 N/m; C = 40 N/m/s
Solution:

(a) Critical damping coefficient (c.):

. .
We know that c. = 2ma, = 2m "\ ’ el 2 s-m

c, = 21/56x103x8 = 422.32N/m/s Ans. -

c
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(b) Damping factor (§):
c 40

Damping factor, £ = - T a3 - = 0.0945 Ans. ©
c

(¢) Natural frequency of damped vibration (f,):
We know that the circular frequency of damped vibrations,

0, = 1—§2

where ®, = \ / \/ 2.0 % It = 26.34 rad/s

©; = \ 1-(0.0945)2 x 2634 = 26.22 rad/s

. Natural frequency of damped vibration of the system

Wy 26.22
Ly ™ E - Tn = 4,173 Hz Ans. ®

(d) Logarithmic decrement (5):

We know that logarithmic decrement,

§ = 2nL _ _27(0.0945) — 0.596 An:
1 —&2 A1 —(0.0945)?

: X
(e) Ratie of two consecutive amplitudes (K a ] s
n+ 1

Let X, and X ., = Magnitudes of two consecutive amplitudes

The logarithmic decrement can be given by

xﬂ xﬂ
& = In X 1 or X o = ¢b

X
X = €% = 18156 Ans.-®
n+1

() Number of cycles after which the amplitude is reduced to 20% (n):
Let X, = Amplitude at the starting position,

X, = Amplitude after n cycle = 20% X, = 0.2 X,

I
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The logarithmic decrement in terms of number of cycles (n) is given by

1 %o
5 el In (KH}

1 Xo
or 0.596 = — In 02X,
or n = 2.7cycles Ans. ®©

2. Derive the expression for the natural frequency of free transverse or longitud inal vibrations by using
any two methods.

Equilibrium Method

Consider a constraint (i.e. spring) of negligible mass in an unstrained position, as

shown in Figure
Let s = Stiffness of the constraint. It is the force required to produce unit d

isplacement in the direction of vibration. It is usually expressed in N/m.
m = Mass of the body suspended from the constraint in kg
W = Weight of the body in newtons = m.g,
0= Static deflection of the spring in metres due to weight W newtons, and

x = Displacement given to the body by the external force, in metres.

(c)
?_ L _ = 8.8
Unstrained 5

position ] S(B+x)-
X
W=mg oyt

w

max

dt

Restoring force =W - s (8 + x) =W - 5.5 - $.X
=8.0-8.0-S.X=-8.X  (since W =s.9).. (i)

(Taking upward force as negative)

And Accelerating force = Mass x Acceleration = m X (||)dtg
(Taking downward force as +ve)

Equating Restoring force and accelerating force

d®x
mx = SXF
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mx +sx= 03—2 WWW.rejinPQULCom
j—? + X=0uiirene (ii)—

We know that the fundamental equation of simple harmonic motion

is
d3x
w @
+ X=0..... (iv)
=
w= |-
m

Time period, fp]i :\f@
1) =

11 z 1 g
Natural frequency, fn=;§;= \{; - \_TE

Taking the value of g as 9.81 m/s? and & in metres,

1 [9.21 0.4885
e s =5 Hz

NZamsl 6 ° 43

if) Eneray Method:

In the case of vibrations, the datum position is the mean or equilibrium position at which the
potential energy of the body or the system is zero. In the free vibrations, no energy is transferred to
the system or from the system. Therefore the summation of Kinetic energy and potential energy
must be a constant quantity which is same at all the times.

d
E[K.E +P.E)=10

A
1 [dx]-
Sm =
2 dt

[n+5.x] 1 5
- 5X
2 2

12
i(lm ] +lsx2)

t\2 dt

L

1 day fdZax 1 dx
S (2 (£2) Zaae
2 de/ \dr 2 dt

dx
—+ s5x=10
dr?

d%x 5
a2 Tt =0

The time period and the natural frequency may be obtained as
discussed in the previous method.
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3. A steel shaft 1.5 m long is 95 mm in diameter for the first 0.6 m of its length, 60 mm in diameter for the
next 0.5 m of the length and 50 mm in diameter for the remaining 0.4 m of its length. The shaft carries
two flywheels at two ends, the first having a mass of 900 kg and 0.85 m radius of gyration located at the
95 mm diameter end and the second having a mass of 700 kg and 0.55 m radius of gyration located at
the other end. Determine the location of the node and the natural frequency of free torsional vibration of
the system. The modulus of rigidity of shaft material may be taken as 80 GN/m2.

Given:
L=15m, di=95mm, [1=0.6 m, d> =60mm, I, = 0.5m, d3 = 50 mm, Iz = 0.4m,

ma= 900kg, Ka = 0.85m, mg = 700kg, Kg = 0.85m, C = 80 X 10°N/m?

Solution:
Equivalent shaft Diagram;:

A
O B()
95 mm 60 mm
f ! rSD lin
O T E— "}"T ——————————— -
- Dﬁm—ill— 0.5 m —»m— 0,4 m—»
f -\I |'I-"H-\
bt )
= 15m o
[
( '|A ' B." ~
o | L
rﬂﬁ mm |
(b) f
* T 895m >
. i
O | O
|
[
:11-5 T H— EB 41
e '_. I-T-'-.-'TT-.-_'___ I N
(C} — == I L
I Rt
R
|
| =11 +l2 (d1)* +l3(d1)*
d2 d3

| = 0.6+0.5(0.095/0.060)+ 0.4(0.095/0.050) = 8.95 m

b. Location of the node
I, = myK,> =900 (0.85)% = 650kg/m’

Iz =mgKg® =700 (0.85)* =212 kg/m?
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Iy = Iglg

L, =2l =221,=030

Ia 650
Finding lg
Also, [y + [z =1 =8.95m
0.326 I + [z = 8.95
1.326 Iz = 8.95
lp =6.75m
Finding l,
lg + I =8.95

I, + 675 =8.95
I, =2.20m
Hence the node lies at 2.2m from flywheel A on the equivalent shaft.

c. Position of the node on the original shaft:

Iy + (L —1y) (Z_j)

2.2+ (2.2- 0.6) (.DU.SU;E)

Position of the node on the shaft 0.855

Natural frequency of free torsional vibrations J=0.095* = 8 x10m*

fna =FuB

Natural frequency =3.37Hz
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4. A machine of mass 75kgis mounted on springs and is fitted with a dashpot to damp out vibrations.
There are three springs each of stiffness 10N/mm and it is found that the amplitude of vibrations
diminishes from 38.4mm to 6.4mm in two complete oscillations. Assuming that the damping force
varies as the velocity, determine

i. The resistance of the dashpot at unit velocity.
i. The ratio of frequency of the damped vibrations to the frequency of

undamped vibrations and iii.The periodic time of the damped vibrations.
Given:

m = 75 Kg;
s =10 N/mm =10 x10° N/m ; x1 =38.4 mm = 0.0384 m ;
X3 = 6.4 mm =0.0064 m

Solution:
Since the stiffness of each spring is 10 x 103 N/m and there are 3 springs,
therefore total stiffness,

s = 3x10x10° = 30x10° N/m

Natural circular frequency of motion,

s 30 X 10° ;
w, = |—= — = 20 rad/s
m W 75

a. Resistance of the dashpot at unit velocity
Let
X2 = Amplitude after one complete oscillation in metres, and

x3 = Amplitude after two complete oscillations in metres.

Solution:
Since the stiffness of each spring is 10 x 103 N/m and there are 3 springs,
therefore total stiffness,

s = 3x10x10° = 30x10% N/m

Natural circular frequency of motion

s 30 X 103
mh=£= — = 20rad/s

x, [x\M? 0.038441/°
Xo Xg 0.0064

%

Xy X3
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2\ xy
&) =%

X3 Xy WXg Xg Mg 2

¢ = Resistance of the dashpot in newtons at unit velocity i.e. in N/m/s

1 Cl) 2ma
0g, | — | = ———
8e 2 o7 — a2

1 Cl) 2ma
o] — | = =
8o 5 202 — g2

log_2.45 ora
0g,2.45 =
Se 202 —a?
0.8951 ona
' V202 — a2
Squaring on both sides:
0.8= 39.5a0°
= 4p0%-a?
a® =7.84
a=2.8
2n
log‘, 245=qax
. ) ]
(20)° -a”

089512252 o 5= X393
\/400_(,2 400-a’
- a* =194 or a=28
We know that a=cl/2m
c=aX2m=28%x2x75=420Nm's

... (Squaring both sides)
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2. Ratio of the frequency of he damped vibration to the frequency of undamped vibration

[0
/1 = Frequency of damped vibration = »_d'
: 2n

0,
fy>» = Frequency of undamped vibration = re

fm» 2, o, 0, 20

3.Periodic time of damped vibration:

We know that periodic fume of damped vibration

N n m
= = =032s.

Top J@-a¢ ooy -8y

5.A shaft 30mm diameter and 1.5 long has a mass of 16kg/m length. It is simply supported at the ends and
carries isolated loads 1kN, 1.5kN and 2kN at 0.4m, 0.6m and 0.8m respectively from the left support. Find
the frequency of the transverse vibrations: 1. Neglecting the mass of the shaft, and 2. Considering the mass
of the shaft. Take E= 200GPa.

Given : d =30mm = 0.03m, | = 1.5m, m = 16kg/m, E = 200GPa = 200 x 10°N/m?

Solution:

/" 1 kN s —;(h; e
| 16 kg /m

I' AL RETHBLRA O T D T S T R T Ry Wy o ypvere

! ro4m ' I

| 0.6 m ’ 7 |

. 0.8 m I
' 1.5m
Mo t of inerti = = ==
ment of inertia of the shaft, | I = 64 dé = 6a (0.03)* = 3.976 x 10-8 ¢

Static deflection dﬁe to a load of 1 kN,

5 = Wathr 1000 (0.4)2 (1.1)2
' O3El-] T 3x200x109x3976x 108x15 ~ >41x10%m

... [Herea=0.4 m, and b;l.lm]
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Similarly, static deflection due to a load of 1.5 kN,

Wa2p? _ 1500 (0.6) (0.9)2
3EL-] 3x200x109%3.976 x 108x 1.5 0.01222 m

..[Herea=0.6m, and b=09m]

8, =

~ Static deflection due to a load of 2 kN,
5, = W a2 p2 2000 (0.8)2 (0.7)2

°  3El-/ 3x200x109%3.976x 108x15 ~ 0-01752m

..[Herea=0.8m, and b= =0.7m]
and static deflection due to the mass of the shaft (i.e., a udl)

: 5 wi 5
8 = 7= x . (16x9.8l)(1.5)4
384 BT~ 384 % 2005 109x3.976 x Jo8 = 1:301x 107 m

(1) Neglecting the mass of the shaft:
The natural frequency of transverse vibrations, according to the Dunkerley’s equation is

given by
0.4985 -0.4985

In= 5, +6,+5, 541103 +001222 + 0.01752

(b) Considering the mass of the shaft:
The natural frequency of transverse vibrations, according to the Dunkerley’s equation is
given by

= 2.659 Hz Ans. ©

0.4985 _ 0.4985

f” = == a N
5, : - 1301 x 10-3
81 +8,+ 8, + T 541 x 103+0.01222+0.01752+( = 57

= 2.62Hz Ans. ®

6.A shaft 1.5m long, supported in flexible bearing at the ends, carries two wheels each of 60kg mass. One
wheel is situated at the centre of the shaft and the other at a distance of 375mm form the centre. The shaft is
hollow of external diameter 75mm and inner diameter 40mm. The density of the shaft material is 7700kg/m?.

Find the frequency of transverse vibration. Take E = 200GPa.

Given : 1 =1.5m,

Do =75mm = 0.075mm,

Di =40mm = 0.040mm ,

p = 7700 kg/m®

E = 200GPa = 200x10°N/m?
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p o Solution: A shaft supported in flexible bearings | 2434kgm S0ka 60kg

. squmed to be a simply supported beam. The given
15

N R AR T T

l

I8 |

; in Fi 1 : C D i
shaft is shown 1 Fig.8.10 . 075m Jo.375 m| i
Since the density of shaft material is given as 7700 15m '

(g’ therefore mass of the shaft per metre length L

m, = Area x Length x Density

= 45 [0.0752-0.042] x 1x 7700 = 24.34 kg/m

We know that moment of inertia of the shaft,
=X rpf D 1= [(0.075) - (0040] = 1427 x 10
[ = 64 [D, - D, ] 64 [(0.075)* — (0.04)*] = 1.427 x m

We know that static deflection due to a mass of 60 kg at C,
Wi (60x9.8) (OTSPOTY sy i0-4m

| 3ELT 3200 109) (1427 x 10°9) 1S
' ... [Here a=0.75m, and b=0.75m]

Similarly, static deflection due to a mass of 60 kg at D,

Wad b2 (60 x9.81) (1.125)2 (0.375)2

— f— — —5
%7 3BT T3Q00x100) (1427 x 109 15 = S157 X105 m

... [Here a=0.75+0.375=1.125m, and 5=1.5-1.125=0375 m)
We know that static deflection due to mass of the shaft,

s S w5 Q3349805 _
s~ 384 *EI T 384 (200 10% x (1427 x 106) _ >-288x107m

... [Herew=m xg)

Therefore the frequency of transverse vibration, according to Dunkerley’s equation, is
given by

0.4985

f, =
n Ss
. \/51 9, + 127
5.288 x 10—5)

\/(1.45 x 10-4) + (8.157 x 10-5) + ( T

0.4985

= 30.44 Hz Ans.®
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UNIT-IV FORCED VIBRATION

Forced Vibration:

When the body vibrates under the influence of external force, then the body is said to be under forced
vibration.
Examples of forced vibration:

1. Ringing of electric bell.
2. Vibration of various machines like air compressor, IC engines, Machine tools and mobile cranes.

Types of external Excitation:

1. Periodic forces,
2. Impulse type of forces,
3. Random Forces.

Periodic forces are further classified into harmonic and non-harmonic forces. Vibration because of
impulsive forces is called as transient. Earthquake and acoustic excitation are typical examples of random

forces. In this chapter we would be analyzing only about periodic forcing functions.

1.A single cylinder vertical petrol engine of total mass 300 kg is mounted upon a steel chassis frame and
causes a vertical static deflection of 2 mm. The reciprocating parts of the engine has a mass of 20 kg and
move through a vertical stroke of 150 mm with simple harmonic motion. A dashpot is provided whose
damping resistance is directly proportional to the velocity and amounts to 1.5 kN per metre per second.
Considering that the steady state of vibration is reached; determine: 1. the amplitude of forced
vibrations, when the driving shaft of the engine rotates at 480 r.p.m., and 2. the speed of the driving

shaft at which resonance will occur.

Solution : Given.m=300kg; d=2mm =2 x 10-3m; ml1 =20kg ;| =150 mm
=0.15m; ¢ = 1.5 kN/m/s = 1500 N/m/s ; N =480 r.p.m. or ® = 27x480 / 60 = 50.3 rad/s
Amplitute of forced vibration:
We know that stiffness of the frame,
s=mg/ § =300 x 9.81/2 x 10~ = 1.47 x 10° N/m
Since the length of stroke (/) = 150 mm = 0.15 m. therefore radus of crank,
r=1/2=015/2=0075m
We know that the centrifugal force due to the reciprocating parts or the static force,

F=mo’r =20 (503) 0075=3795 N

Amplitude of the forced vibration (maximum),
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F

= = . P Ny
Jc" 0 + (s —mow” )"

FRax

3 3795
J1500)2(50.3)2 +[1.47x10° —300(50.3)2 ]

3795 3795 _ 5.3%10-3 o

JS.?:-: 10 +500x10° 710x10

=53 mm Ans.

2.Speed of driving shaft at which resonance occur.

Let N = Speed of the driving shaft at which the resonance occurs in
£p.m.

We know that the angular speed at which the resonance occurs,

s [1.47x10°
W= = |—=|—=70 d
On Jm J 300 y

N=0x60/2n=70x60/2r = 6684 rp.m. Ans.

2.A machine part of mass 2 kg vibrates in a viscous medium. Determine the damping coefficient when a
harmonic exciting force of 25 n results in resonant amplitude of 12.5 mm with a period of 0.2 second. if the
system is excited by a harmonic force of frequency 4 hz what will be the percentage increase in the

amplitude of vibration when damper is removed as compared with that with damping.

Given :
m=2Kkg; F=25N; Resonant xmax =12.5mm =0.0125mtp =0.2 sec, f=4Hz

Solution:

Damping coefficient :
Let ¢ = Damping coefficient in N/m/s.
We know that natural circular frequency of the exicting force,

®, =2R/1, =28/0.2 = 31.42 rad/s
We also know that the maximum amplitude of vibration at resonance (x, ).

F 25 0.796

= = or ¢ = 63.7 N/m/s Ans.
cw, ¢x3142 ¢

0.0125=
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Percentage increase in amplitude:
Since the system 1s excited by a hartmonic force of frequency ( /) = 4 Hz, therefore corre-
sponding circular frequency
®W=2RX f =2Rx4=25.14 rad/s
We know that maximum amphitude of vibration with damping,

F

Ymax = %" 5.9
e +(s—mmw°)°-

>

W

) J(63 7)2(25.14)? +[2(31.42)2 —2(25.149)2)?
I ((u,,)zzs m or $=muv)_,_.):]

25 25
= = =00143 m = 143 mm

V2.56x105 +0.5x105 1749
and the maximum amplitude of vibration when damper 1s removed,
Xonay = F, == ,:5 = e =0.0352 m
m[(w,,)- e ] A(31.42)° —(25.149)2] 710

= 352 mm
Percentage increase mn amplitude

352-143
=-—-l—;—3——— =146 o1 146% Ans.

3.A machine has a mass of 100 kg and unbalanced reciprocating parts of mass 2 kg which move through a
vertical stroke of 80 mm with simple harmonic motion. The machine is mounted on four springs,
symmetrically arranged with respect to centre of mass, in such a way that the machine has one degree of
freedom and can undergo vertical displacements only. Neglecting damping, calculate the combined
stiffness of the spring in order that the force transmitted to the foundation is 1 / 25 th of the applied force,
when the speed of rotation of machine crank shaft is 1000 r.p.m. When the machine is actually supported
on the springs, it is found that the damping reduces the amplitude of successive free vibrations by 25%.
Find: 1. the force transmitted to foundation at 1000 r.p.m., 2. the force transmitted to the foundation at
resonance, and 3. the amplitude of the forced vibration of the machine at resonance.

Given:m1=100kg;m2=2Kkg; =80 mm=0.08m;e=1/25;
N = 1000 r.p.m. or ® =2xx1000 / 60 = 104.7 rad/s

Solution:

Combined stiffness of the spring:

Let s = Combined stiffness of springs in N/m. and

®, = Natural circular frequency of vibration of the machine in rad/s
We know that transmussibility ratio (€ ).

m 1 (@) (@)

25 [ ® ]3 1— ©° —((:),,)3 B (104.7)? "(U)n):

Wy,
(104.7)% - (w,)?> =25(®,)* or (®,)’ =421.6 or ®, =20.5 rad/s
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s =my (0,)> =100x421.6 =42 160 N/m Ans.

We know that W, =s/m

Force transmitted to the foundation at 1000rpm :

Let F1 = Force transnmutted, and
x, = Initial amplitude of vibration.

Since the damping reduces the amplitude of successive free vibrations by 25%, therefore
final amplitude of vibration,

Xy = 0.75 X
We know that
X ax2n X ax2n
log,[—1]= or log ( 1 =
2 \_/(03..)2 -a? N075% ) Ja21.6-02
Squaring both sides,
2 2 2
0.2877)% = L‘“’ & 0.083 = L")
4216-a" 421.6-a”
1
—_— = : =0.2877
[ 1og,(0'75) log,1.333=0.287 ]
35-0.083a> =39.5a> or a>=0884 or a=094

We Know that damping coetticient or damping lorce per umit velocity,
c=ax2m =094x2x100 = 188 N/m/s
and critical damping coefficient,
¢, =2mw, =2x100x20.5 = 4100 N/m/s
Actual value of transnussibility ratio,

Y

[ 2c.o ]‘
1+
y 4 €0,
3 = >
2cm (O
]+ l——-—;‘
\I[Cc-(ﬂh (w, )"
Lo 2%188x104.7 f
B 4100x20.5 Jiz023
= = =
2x188x104.7 ' [ (1047} T
4100x20.5 205
2 1.104 —0.044
25.08
We know that the maximum unbalanced force on the machine due to reciprocating parts,
F=my o r=2(104.7) (0.08/2)=877 N e (s rwl/2)

Force transmutted to the foundation,
Fr =eF =0.044x877 = 38.6 N Ans. .ipiar T8 e=F/F)
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Force transmitted to the foundation at resonance:

Since at resonance. M= ), . therefore transmussibility ratio,

2] ho(2x188Y
%) 4100 ) _ 1500084 _
2 ¥ 2%x188 ¥ 0.092
c_ 4100
C

ind maximum unbalanced force on the machine due to reciprocating parts at resonance speed ,, .

£=

F=m (®,)r=2(2052(0.08/2)=336 N ...(. r=1/2)
Force transmitted to the foundation at resonance,
Fr =eF =1092x33.6 =367 N Ans.
Amplitude of the forced vibration of the machine at resonance:
We know that amplitude of the forced vibration at resonance

_ Force transnutted at resonance 367
B Combmed stiffness T 42160

= 8.7 mm Ans.

=87x102> m

4. Single-cylinder engine of total mass 200 kg is to be mounted on an elastic support which permits

vibratory movement in vertical direction only. The mass of the piston is 3.5 kg and has a vertical

reciprocating motion which may be assumed simpie harmonic with a stroke of 150 mm. It is desired that

the maximum vibratory force transmitted through the elastic support to the foundation shall be 600 N when

the engine speed is 800 r.p.m. and less than this at all higher speeds.
1. Find the necessary stiffness of the elastic support, and the amplitude of vibration at 800 r.p.m.,

2. If the engine speed is reduced below 800 r.p.m. at what speed will the transmitted force again

becomes 600 N?
Given:m1=200kg; m2=35kg ;=150 mm =0.15mmorr=1/2=0.075m
Ft=600n; N =800 r.p.m. Or ® =2nx800 / 60 = 83.8 rad/s
1. Stiffness of the elastic support and amplitutue vibrations:
Let s = Stiffness of elastic support 1n N/m, and

X = Max. amplitude of vibration in metres.

Since the max. vibratory force transnutted to the foundation 1s equal to the force on the

elastic support (neglecting damping), therefore
Max. vibratory force transmutted to the foundation,
Fy = Force on the elastic support
= Stiffness of elastic support x Max. amplitude of vibration
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. F ,
m[m2 —((n,,)2 ]

=9 xxm=sx

F = Fs .
m(wz_g_] mo’ —s - [ (m,,)-:z]

=s5X

m

1843xs 1843 s

600 = = &
200(83.8)° —s  1.4x10%—s

. .. (Substituting m = m,)

We know that the disturbing force at 800 r.p.m., F = centrifugal force on the piston.

or 840 x 10° - 6005 =1843 5
- 5=0344 x 10° = 344 » 10° N/m Ans.
and maximum amplitude of vibration,

F 1843 1843
Ymax = 5= ) 3 ;I
mw’ —s 200(83.8)” —344x10° 105610
=1.745 % 10~ m = 1.745 mm Ans.

Speed at the which the transmitted force again becomes 600N

The transmitted force will rise as the speed of the engine falls and passes through reso-
nance. There will be a speed below resonance at which the transmutted force will again equal to

600 N. Let this speed be oy rad/s (or N, rp.m).

Disturbing force, F =, (@y)° r = 3.5(ay)*0.075 = 0.2625(ay )> N

Since the engine speed is reduced below N, = 800 rp.m., therefore mn this case, max,
amplitude of vibration,

= i < F e W
el m[(m")z—(o)l)z] ’"[i—(ml)z] s-—m((.ol)2

X

N
s—m ((01)2

and Force transmitted = SX

2 C SR
262
600 = 344103 x—2:2623(®1) __903X10°(ey)

344x10° —200(w)>  344x10% —200(cy)?

.. . (Substituting m = m,)

206.4x10% —120%10° (@ )* =90.3x10% (0y)> or (wy)* =981
@ =31.32 rad/s or N, =31.32x60/2rx =299 rpm. Ans.
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5 A mass of 10 kg is suspended from one end of a helical spring, the other end being fixed. The stiffness of
the spring is 10 N/mm. The viscous damping causes the amplitude to decrease to one-tenth of the initial
value in four complete oscillations. If a periodic force of 150 cos 50 t N is applied at the mass in the
vertical direction, find the amplitude of the forced vibrations. What is its value of resonance?
Given:

m =10 kg; s = 10 N/mm = 10 x 103N/m ; X5 = X1/ 10

Since the periodic force, F, = F cos mr =150co0s50¢ , therefore

Static force, F=150N
and angular velocity of the periodic disturbing force,
o=>50rad/s

We know that angular speed or natural circular frequency of free vibrations.

) 174 ) /4
Hoh) o & =(10)"* =178
X Xy R Y /10

Xy i 2N
log,| — |=ax

- ’ 2 2
Xn ((.0" )-_a-

log, 1.78 = ax

ax?2m

2R
= ‘or 0.576=—— 2
\/(31.6)2 —a* J1000-a>

Squaring both sides and rearranging,
39.832a°=332 or a’=8335 or a=2887
We know that a=c¢2m or c=ax2m= 2887 x 2 x 10 = 57.74 N/m/s
and deflection of the system produced by the static force F,
x, = FIs = 150/10 x 10* = 0.015 m
We know that amplitude of the forced vibrations,

0.015 0015
T V0.083+2.25

(57.74%(50)* | ,_( 50
10x10°)? 31.6

0.015
e ORI m = 9.8 mm Ans.

1.53
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Amplitute of forced vibrations:
We know that amplitude of forced vibrations at resonance,

= Xn X S _()()lix—“))(loz =().0822 o)
Xppr = X =0.01:2 =(.0822 =822 ¥
ma 0 - 57 54%31.6 m=38 mm Ans

n

6. The mass of an electric motor is 120 kg and it runs at 1500 r.p.m. The armature mass is 35 kg and its C.G.
lies 0.5 mm from the axis of rotation. The motor is mounted on five springs of negligible damping so that
the force transmitted isone-eleventh of the impressed force. Assume that the mass of the motor is equally
distributed among the five springs. Determine: stiffness of each spring; 2. dynamic force transmitted to the

base at the operating speed; and 3. natural frequency of the system
.Given m1 =120 kg; m2=35kg; r=05mm=5x%x10-4 m; e =1/11; N =1500 r.p.m. or

1. Stiffness of each spring

Let s = Combined stiffness of the spring in N-m, and [Jn = Natural circular frequency of vibration of the
machine in rad/s. We know that transmissibility ratio (€ )

1 1 _ (v, )2 - (®,, )
11 o Y y (r):—((!),, )2 (1571): —(0),,):
W,

(157.1)* —(0,)* =1l(w,)* or (®,)* =2057 or o, =4535 rad's

We know that Wy =5/ my

s =my (@, )" =120x2057 = 246 840 N/m

Since these are five springs. therefore stiffness of each spring

=246 840 /5=49 368 N'm Ans.
1. Dynamics force transmitted to the base at the operating speed:
We know that maximum unbalanced force on the motor due to armature mass,
F=mo r=35(157.1°5x10" =432 N
Dynamic force transmitted to the base,

&
11
2. Natural frequency of the system:

x432=39.27 N Ans.

We have calculated above that the natural frequency of the system.

W, =45.35 rad’s Ans.
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UNIT-V MECHNISMS FOR CONTROL

Types of Mechanisms for control are

1) Governors.
2) Gyroscope.

Governors:

The function of a governor is to regulate the mean speed of an engine, when there are
variations in the load when the load on an engine increases, its speed decreases, therefore it becomes
necessary to increase the supply of working fluid. On the other hand, when the load on the engine
decreases, its speed increases and thus less working fluid is required. The governor automatically controls
the supply of working fluid to the engine with the varying load conditions and keeps the mean speed within
certain limits.

Difference between a Flywheel and Governor:

The function of a flywheel in an engine is entirely different from that of a governor. It controls the
speed variation caused by the fluctuations of the engine turning moment during each cycle of operation. It
does not control the speed variations caused by a varying load. The varying demand for power is met by
the governor regulating the supply of working fluid.

Types of Governors

The governors may, broadly, be classified as
1. Centrifugal governors
2. Inertia governors.

Centrifugal governors

|

Pendulum type Loaded type

Watt governor | | |
Dead weight governors Spring controlled governors
| ‘ \
Porter governor Proell governor
[ |
Hartnell governor Hartung governor Wilson-Hartnell governor Pickering governor

Centrifugal governors:

The centrifugal governors are based on the balancing of centrifugal force on the rotating ballsby an
equal and opposite radial force, known as the controlling force.It consists of two balls ofequal mass,
which are attached to the arms as shown in Fig. These balls are known as governorballs or fly balls.
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Fly-balls / O
Links 2

s — B
SN S { Bell crank Z E¥Throttle
17 L& lever 2 valve
W77 f
= (or ZD
—= ; 2 £
= Beve Z
= T
Supply of
working fluid

The balls revolve with a spindle, which is driven by the engine through bevel gears. The upper
ends of the arms are pivoted to the spindle, so that the balls may rise up or fall down as they revolve about

thevertical axis. The arms are connected by the links to a sleeve, which is keyed to the spindle. This sleeve
revolves with the spindle; but can slide up and down. The balis and the sleeve rise when the spindle speed
increases, and falls when the speed decreases. In order to limit the travel of the sleeve in upward and
downward directions, two stops S, S are provided on the spindle. The sleeve is connected by a bell crank
lever to a throttle valve. The supply of the working fluid decreases when the sleeve rises and increases
when it falls. When the load on the engine increases, the engine and the governor speed decreases. This
results in the decrease of centrifugal force on the balls. Hence the balls move inwards and the sleeve moves
downwards. The downward movement of the sleeve operates a throttle valve at the other end of the bell
crank lever to increase the supply of working fluid and thus the engine speed is increased. In this case, the
extra power output is provided to balance the increased load. When the load on the engine decreases, the
engine and the governor speed increases, which results in the increase of centrifugal force on the balls.
Thus the balls move outwards and the sleeve rises upwards. This upward movement of the sleeve reduces
the supply of the working fluid and hence the speed is decreased. In this case, the power output isreduced.

Terms Used in Governors

1. Height of a governor. It is the vertical distance from the centre of the ball to a point where the axes of

the arms (or arms produced) intersect on the spindle axis. It is usually denoted by h.

2. Equilibrium speed. It is the speed at which the governor balls, arms etc., are in complete equilibrium and
the sleeve does not tend to move upwards or downwards.

3. Mean equilibrium speed. It is the speed at the mean position of the balls or the sleeve.

4. Maximum and minimum equilibrium speeds. The speeds at the maximum and minimum radius of
rotation of the balls, without tending to move either way are known as maximum and minimum equilibrium
speeds respectively.

Note : There can be many equilibrium speeds between the mean and the maximum and the mean and the
minimum equilibrium speeds.

5. Sleeve lift. It is the vertical distance which the sleeve travels due to change in equilibrium speed.

Porter Governor:

The Porter governor is a modification of a Watt’s governor, with central load attached to the sleeve
as shown in Fig.(a). The load moves up and down the central spindle. This additional downward force
increases the speed of revolution required to enable the balls to rise to any predetermined level. Consider
the forces acting on one-half of the governor as shown in Fig.(b).
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m = Mass of each ball in kg,

w = Weight of each ball in newtons = m.g,

M = Mass of the central load in kg,

W = Weight of the central load in newtons = M.g,
r = Radius of rotation in metres,

h = Height of governor in metres,

N = Speed of the balls in r.p.m.
1= Angular speed of the balls in rad/s = 2zN/60 rad/s,

FC = Centrifugal force acting on the ball in newtons = m. [J2.r,
T1 = Force in the arm in newtons,

T2 = Force in the link in newtons,

a = Angle of inclination of the arm (or upper link) to the
vertical, and [J = Angle of inclination of the link (or lower
link) to the vertical.

M
i — 1+ q)

i . 895

m h
1. When the length of arms are equal to the length of links and the points P and D lie on the same
vertical line, then
tana = tanf or g =tano./tanf = 1
2 (m+M) 895
= X

m h

N

2. When the loaded sleeve moves up and down the spindle, the frictional force acts on it in a direction
opposite to that of the motion of sleeve.
If F = Frictional force acting on the sleeve in newtons, then the equations (v) and (vi) may be written as

(Ve + T
m.g+[ - [(1+q)

Ng _ " 895

m.g h

The + sign is used when the sleeve moves upwards or the governor speed increases and negative sign is
used when the sleeve moves downwards or the governor speed decreases.

1. A Porter governor has equal arms each 250 mm long and pivoted on the axis of rotation. Each ball has a
mass of 5 kg and the mass of the central load on the sleeve is 25 kg. Theradius of rotation of the ball is
150 mm when the governor begins to lift and 200 mm when the governor is at maximum speed. Find
the minimum and maximum speeds and range of speed of the governor.

Gn:BP=BD=250mm=0.25m;m=5kg; M=15kg; ri=150 mm =0.15m; r2=200 mm = 0.2 m
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B,
o1 1
2 |
| h2
200 ! l
’ G
|
i,
2
N
D
Mg
2
(a) Minimum position. () Maximum position.
Minimum speed when r1 =BG =0.15m
Let N1 = Minimum speed.
From Fig(a), we find that height of the governor,
h:pG:\/((PB)/\Z - (BG)AZ) =02m
AP &5 0 'cca “ad PN oRY VY
m h, 5 0.2
N1=133.8 r.p.m.

Maximum speed when rz.=BG =0.2m
Let N2 = Maximum speed.
From Fig(b), we find that height of the governor,

Iy = PG = (PBY? - (BG)? =4/(0.25)* - (027 =0.15m

5 5+15 895 A
(N7)2:”I+M><89": +1 ><8) _23867
= m hy 5 045

N2=154.5r.p.m

Range of speed
We know that range of speed= N2— N1=154.4 — 133.8 = 20.7 r.p.m.



www.rejinpaul.com

Proell governor

The Proell governor has the balls fixed at B and C to the extension of the links DF and EG,
as shown in Fig (a). The arms FP and GQ are pivoted at P and Q respectively. Consider the equilibrium of
the forces on one-half of the governor as shown in Fig (b). The instantaneous centre (I) lies on the
intersection of the line PF produced and the line from D drawn perpendicular to the spindle axis. The

perpendicular BM is drawn on ID.

P Q i P i
» @ . 4
LAl |
Be: ce e |
| wY 2
| F (4]
F & | VO G a\ i g
o ols
/ >
/ | ]
: Central / p *
: ‘ | Load (W) |
- ) L4 N \ N
D EY) | TRRCR
w
\ Sleeve Yo

(a) (b)

Al I
, FM i +T« + q)

" BM m h

11

1. A proell governor has equal arms of length 250mm.the upper and lower ends of the arms
are pivoted on the axis of the governor. The extension arms of the lower links are each
90mm long and parallel to the axis. When the radii of rotation of the balls are 130mm and
175mm. The mass of each ball is 8.5 kg and the mass of the central load is 85 kg. Determine
the range of speed of the governor
Given data:

AB=BC=250mm,

EB=90mm,

ri=130mm,

r;=175mm,

m=8.5kg,

M=85kg
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For minimum speed when r;=130mm h; = AD =¥ AB? — BD?
v0.255— 0.132
=0.2135m

BM=DC=AD=0.2135m

a=psoq=1
BEM m+M

N2, el (895/hy)
ey (895/0.2135)

0.3035 [ 2.5
=32438.2

N1 =180.1 rpm
For maximum speed when r,=175mm
h, = AD = AB? — BD?

c
I M
b

4/0.252 — 0.1752

=0.1785m
BM=DC=AD=0.1785m
EM=EB+BM
=0.09+0.1785
=0.2685m
a=Bsoq=1
BM _m+M
N2, vl (895/hy)
0.1785 8.5+85
0.2559[ 8.5 ]

=36666.67
N1 =191.48 rpm
Range of speed = maximum speed — minimum speed
=191.48-180.1

=11.38rpm
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Hartnell Governor

A Hartnell governor is a spring loaded governor as shown in Fig. 18.18. It consists of two
bell crank levers pivoted at the points O,0 to the frame. The frame is attached to the governor spindle and
therefore rotates with it. Each lever carries a ball at the end of the vertical arm OB and a roller at the end of
the horizontal arm OR. A helical spring in compression provides equal downward forces on the two rollers
through a collar on the sleeve. The spring force may be adjusted by screwing a nut up or down on the

sleeve.

Nut

g
%‘/ Frame
NI

T

Spring

Bell crank
Lever

; ‘

Yy \

f ‘ i Collar
Roller NN Sleeve

,L]‘\ Spindle
Hartnell governor

- n >
<+ >
Fes B B
T o F -
mg 0 ®
v ’,‘, v < (———» c)!(:
e i B Ll Mg+S, |8
! | e—— —r——»g 3 ?
[+] Mg +S, O g, ;| 1@
d X ;lz gl vt 3_“'
Wb L . not 0 P
Ol l o) A
hl
2 v R, A 4 «—y—»

o Yy P

(@) Minimum position (5) Maximum position
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Consider a disc spinning with an angular velocity o rad/s about the axis of spin OX, in

anticlockwise direction when seen from the front, as shown in Fig(a). Since the plane in which the disc is
rotating is parallel to the plane YOZ, therefore it is called plane of spinning. The planeXOZ is a horizontal
plane and the axis of spin rotates in a plane parallel to the horizontal plane aboutan axis OY. In other
words, the axis of spin is said to be rotating or processing about an axis OY. Inother words, the axis of spin
is said to be rotating or processing about an axis OY (which is perpendicular to both the axes OX and OZ)

at an angular velocity wp rap/s. This horizontal plane XOZ is called plane of precession and OY is the axis

of precession.

| = Mass moment of inertia of the disc about OX, andw = Angular velocity of the disc.

Angular momentum of the disc=Il.@
Since the angular momentum is a vector quantity, therefore it may be represented by the vector ox , as
shown in Fig.(b). The axis of spin OX is also rotating anticlockwise when seen from the top about the axis
OY. Let the axis OX is turned in the plane XOZ through a small angle 66 radians to the positionOX” , in
time dtseconds. Assuming the angular velocity o to be constant, the angular

momentum will now be represented by vector O.X".

d
~ 1 { Plane of active

Plane gyro. couple
.~of spinnind \
YK_ ————————— I_—_\—____-I
| |
: |
I
! i
AW - :
Axis of active ! :
/ gyro. coupley, 7 : Reactive gyro.
Axis } _______ e couple
3 P Plane of o %
2 ' ion.” Pl
precession /,ﬂ 7 X\ e B
ol 560 /ﬁ R A 580 /|
” S o X

o]

P4 \Axis of spin \\\% X X Direction

4 Axis of reactive Disc of
gyro, couple viewing

Active gyro. couple

(a) (b)
Change in angular momentum = |.®.50

Rate of change of angular momentum

=.1.09% 8—9
dt

The rate of change of angular momentum will result by the application of a couple to the disc, therefore
the couple applied to the disc causing precession

C=1.0.0p



1. A uniform disc of diameter 300 mm and oMn’z}s*s’ kg'lrsl%hmgg%!%g&m

arm of length 600 mm. The other end of the arm is free to rotate in a universal bearing. If the disc
rotates about the arm with a speed of 300 r.p.m. clockwise, looking from the front, with what speed

will it precess about the vertical axis?
Given: d =300 mmorr=150 mm =0.15m ;m=5kg ;| =600 mm = 0.6 m ; N =300 r.p.m. or & =21 x 300/60
=31.42 rad/s.

| = m.r./2 = 5(0.15)./2 = 0.056 kg-m:
C =mgl=5%x9.81x0.6=29.43 N-m
®, = Speed of precession.
We know that couple (C),
2043 = L0.0, =0.056 x 31.42 x 0, = 1.76 m,
Wp = 29.43/1.76 = 16.7 rad/s Ans.

Effect of the Gyroscopic Couple on an Aeroplane
The top and front views of an aeroplane are shown in Fig (a). Let engine or propeller rotates

in the clockwise direction when seen from the rear or tail end and the aeroplane takes a turn to the
left.

Notes: 1. when the aeroplane takes a right turn under similar conditions as discussed above, the
effect of the reactive gyroscopic couple will be to dip the nose and raise the tail of the aeroplane.

2. When the engine or propeller rotates in anticlockwise direction when viewed from the rear or
tail end and the aeroplane takes a left turn, then the effect of reactive gyroscopic couple will be to
dip the nose and raise the tail of the aeroplane.

3. When the aeroplane takes a right turn under similar conditions as mentioned in note 2 above, the
effect of reactive gyroscopic couple will be to raise the nose and dip the tail of the aeroplane.

4. When the engine or propeller rotates in clockwise direction when viewed from the front and
the aeroplane takes a left turn, then the effect of reactive gyroscopic couple will be to raise the
tail and dip the nose of the aeroplane.

5. When the aeroplane takes a right turn under similar conditions as mentioned in note 4-above, the
effect of reactive gyroscopic couple will be to raise the nose and dip the tail of the aeroplane.

2. An aeroplane makes a complete half circle of 50 metres radius, towards left, when flying at 200
km per hr. The rotary engine and the propeller of the plane has a mass of 400 kg and a radius of
gyration of 0.3 m. The engine rotates at 2400 r.p.m. clockwise when viewed from the rear. Find the
gyroscopic couple on the aircraft and state its effect on it.

Given :R=50m ;v =200 km/hr=55.6 m/s; m=400kg ; k=0.3m;
N = 2400 r.p.m. or [J =2zt X 2400/60 = 251 rad/s
We know that mass moment of inertia of the engine and the propeller,
| = m.k2=400(0.3)2= 36 kg-m2
and angular velocity of precession,
[1P=Vv/R=55.6/50 = 1.11 rad/s
We know that gyroscopic couple acting on the aircraft,
C=1000P=36x251.4x1.11 =100 46 N-m =10.046 KN-m
When the aeroplane turns towards left, the effect of couple is to lift the nose upwards and tail

downwards.
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Terms Used in a Naval Ship
The top and front views of a naval ship are shown in Fig. The fore end of the ship iscalled

bow and the rear end is known as stern or aft. The left hand and right hand sides of the ship,when
viewed from the stern are called port and star-board respectively. We shall now discuss theeffect of
gyroscopic couple on the naval ship in the following three cases:

1. Steering, 2. Pitching and 3. Rolling.

Transverse
A axis
Direction |
_ of
VIEWING || ongitudinal
— e ——— i — I_ - - -
Stern Bow
(Rear end) | (Fore-end)
'| Rotor
e I A g T e
:L_ Star board
Top view
\ N\ NN ()
' Bearings N [
Front view Propeller

Effect of Gyroscopic Couple on a Naval Ship during Steerin

Steering is the turning of a complete ship in a curve towards left or right, while it moves
forward. Consider the ship taking a left turn, and rotor rotates in the clockwise direction when
viewed from the stern, as shown in Fig. The effect of gyroscopic couple on a naval ship during
steering taking left or right turn may be obtained in the similar way as for an aeroplane as discussed
earlier.

Axis of precession Axis of active gyro. couple

T W_I Transverse axis Reactive gyro.,
{4 /Y / couplée
Direction Left e 3
of viewing » - Axis of spin
Bn e _D_“T( Active gyro.
‘Rear end) ‘ couple
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Effect of Gyroscopic Couple on a Naval Ship during Pitchin

. .
x
Transverse axis

Effect of Gyroscopic Couple on a Naval Ship during Rollin
We know that, for the effect of gyroscopic couple to occur, the axis of precession should

always be perpendicular to the axis of spin. If, however, the axis of precession becomes parallel to
the axis of spin, there will be no effect of the gyroscopic couple acting on the body of the ship. In
case of rolling of a ship, the axis of precession (i.e. longitudinal axis) is always parallel to the axis of
spin for all positions. Hence, there is no effect of the gyroscopic couple acting on the body of a ship.

1. The turbine rotor of a ship has a mass of 3500 kg. It has a radius of gyration of 0.45 m

and a speed of 3000 r.p.m. clockwise when looking from stern. Determine the gyroscopic couple
and its effect upon the ship:

1. When the ship is steering to the left on a curve of 100 m radius at a speed of 36 km/h.

2. When the ship is pitching in a simple harmonic motion, the bow falling with its maximum
velocity. The period of pitching is 40 seconds and the total angular displacement between the two

extreme positions of pitching is 12 degrees.

Given: m = 3500 kg; k =0.45 m; N = 3000 r.p.m. or [ [J [z x 3000/60 = 314.2 rad/s
1. When the ship is steering to the left on a curve of 100 m radius at a speed of 36 km/h.

Given R=100m:v=km/h=10m/s
We know that mass moment of inertia of the rotor,
I = m.k*= 3500 (0.45)*> = 708.75 kg-m?
and angular velocity of precession,
wp = v/R = 10/100 = 0.1 rad/s
. Gyroscopic couple,
C=l0.0,=708.75x314.2 x 0.1 =22 270 N-m
= 22.27 KN-m Ans.
2. When the ship is pitching
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Since the total angular displacement between the two extreme positions of pitching is 12
(i.e. 20 = 12°), therefore amplitude of swing,
0=12/2=6°=6xn/180=0.105 rad

Given: 1[' =40s

and angular velocity of the simple harmonic motion,
o, =2n/t1,=2x/40= 0.157 rad/s
’

We know that maximum angular velocity of precession,

2.The turbine rotor of a ship has a 2.4 tonnes and rotates at 1750 rpm when viewed from the left.
The radius of gyration of the rotor is 300mm.Determine gyroscopic couple and its effect when
(i) The ship turns right at a radius of 250m with a speed of 22kmph.
(if) The ship pitches with the bow rising at an angular velocity of 0.85 rad/sec.
(iii) The ship rolls at an angular velocity of 0.15rad/sec
Given data:
m = 2.4 t = 2400kg, N=1750rpm , k= 300mm , v= 22kmph = 22*(5/18)=6.11m/s
R = 250m.
Solution:

Mass moment of inertia | = mk?
= 2400(0.3)?
=216 kg-m?
Angular velocity(m)
w = 2uN /60
w = 2m(1750) /60
= 183.26 rad/sec
1. When ship takes right turn
Angular velocity of precession
(op) =V /R=6.11/
250
= 0.0244 rad
[sec Gyroscopic couple

(©)

C=1lo wp

C=Toawp
=216(183.26)(0.15)
=5937.6N-m

As the axis of spin is always parallel to the axis of precession for all position, there is no
gyroscopic effect on the ship.
3.A ship propelled by a turbine rotor which has a mass of 5 tonnes and a speed of 2100 r.p.m. The rotor has
a radius of gyration of 0.5 m and rotates in a clockwise direction when viewed from the stern. Find the
gyroscopic effects in the following conditions:
a. The ship sails at a speed of 30 km/h and steers to the left in a curve having 60 m radius.
b. The ship pitches 6 degree above and 6 degree below the horizontal position. The bow is descending with
its maximum velocity. The motion due to pitching is simple harmonic and the periodic time is 20 seconds.
c. The ship rolls and at a certain instant it has an angular velocity of 0.03 rad/s clockwise when viewed from
stern. Determine also the maximum angular acceleration during pitching. Explain how the direction of
motion due to gyroscopic effect is determined in each case.
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Solution. Given: m = 5 t = 5000 kg ; N = 2100 r.p.m. or @ = 2r * 2100/60 = 220 rad/s ;
k=05m

1. When the ship steers to the left
Given: v=30km/h=833m/s; R=60m
We know that angular velocity of precession,
o, = v/R =8.33/60=0.14 rad/s
and mass moment of inertia of the rotor,
1= m.k*=5000(0.5) = 1250 kg-m’

. Gyroscopic couple,
C=lLw.w,=1250 % 220 x 0.14 = 38 500 N-m = 38.5 kN-m

We have discussed in Art. 14.6, that when the rotor in a clockwise direction when viewed
from the stern and the ship steers to the left, the effect of reactive gyroscopic couple is to raise the
bow and lower the stern. Ans.

2. When the ship pitches with the bow descending

Given: ¢ =6°=6 x m/180 =0.105 rad/s ; t,= 20s

We know that angular velocity of simple harmonic motion,

o, =21tffp=21tf2[l={}.3l42 rad/s
and maximum angular velocity of precession,
@p, = 0.0, =0.105 * 0.3142 = 0.033 rad/s
. Maximum gyroscopic couple,
€, =lwo, =1250x220x0.033=9075 N-m

Since the ship is pitching with the bow descending, therefore the effect of this maximum
gyroscopic couple is to turn the ship towards port side. Ans.

3. When the ship rolls

Since the ship rolls at an angular velocity of 0.03 rad / s, therefore angular velocity of precession
when the ship rolls,

wp =0.03 rad /s
. Gyroscopic couple,
C=lLo.w, = 1250 x 220 x 0.03 = 8250 N-m

In case of rolling of a ship, the axis of precession is always parallel to the axis of spin for all
positions, therefore there is no effect of gyroscopic couple. Ans.

Maximum angular acceleration during pitching
We know that maximum angular acceleration during pitching.
o, =0 (®,)*=0.105 (0.3142)* = 0.01 rad/s* Ans.
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Stability of a Four Wheel Drive Moving in a Curved Path

4. A four-wheeled trolley car of total mass 2000 kg running on rails of 1.6 m gauge, rounds a curve
of 30 m radius at 54 km/h. The track is banked at 8°. The wheels have an external diameter of 0.7
m and each pair with axle has a mass of 200 kg. The radius of gyration for each pair is 0.3 m. The
height of centre of gravity of the car above the wheel base is 1 m. Determine, allowing for

centrifugal force and gyroscopic couple actions, the pressure on each rail.

Given:m=2000kg;x=1.6m;R=30m;v=54km/h=15m/s;0=8°;dw=0.7morrw=0.35m;
m1=200kg;k=03m;h=1m

First of all, [et us find the reactions Ra and Rp at the wheels A and B respectively. The various
forces acting on the trolley car are shown in Fig.

\‘Gco‘-"’0 <
’g
9
e M
Pe

I |
(19 430 + 2088) Bt (2731 - 14 855) 6
6

10759 - 7577=3182 N

- ) Y — 1R N
= Ry=1(R, +Ry)-R,=21518-3182=18336N
We know that angular velocity of wheels,
15

"
Oy =—=——=4286rad/s
w035

and angular velocity of precession,

v 19
Wp =—=—=05rad/s
R 30

.. Gyroscopic couple,
C=*] O, €os B x ®p = ml.k:.(l)\\. cos 9.(:)P W o ml.kf)
= 200 (0.3)* 42.86 cos 8° x 0.5 = 382 N-m
Due to this gyroscopic couple, the car will tend to overturn about the outer wheels. Let P be
the force at each pair of wheels or each rail due to the gyroscopic couple,
Zi P=C/x=382/1.6=238.75N
We know that pressure (or total reaction) on the inner rail,
Py=R,-P=3182-238.75=2943.25 N Ans.
and pressure on the outer rail,
Py= Ry +P=18336 +238.75= 18 574.75 N Ans.
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5.The driving axle of a locomotive with two wheels has a moment of inertia of 175
kg/m2.The diameter of the wheel treads is 1.7m and the distance between wheel centers is
1.5m. When the locomotive is travelling on a level track @ 88km/hr, defective ballasting
causes one wheel to fall 5mm and rise again in a total time of 1sec, if the displacement of
the wheel takes place with simple harmonic motion. Find
1. Gyroscopic couple setup
2. The reaction between the wheel and rail due to this couple.
Given data:
| = 175kg/m? ,dw = 1.7m, x=1.5m, v = 88km/hr =88*(5/18) =24.44m/s t,=0.1 sec
fall = 0.005mm
Solution:

1. Gyroscopic couple setup(C)
Angular velocity (o)
=V /rw
=24.44/0.85
=28.75 rad/sec

Since the defective ballasting causes one wheel to fall 5mm and rise again in a
total time of 0.1sec
Therefore amplitude A = Y(fall)= Y(rise)

=15(0.005)
=0.0025 mm
Maximum velocity while falling
Vmax=(2n/tp)A
=(271/0.1)0.0025
=0.15
7 m/s Gyroscopic couple setup (C)
C=Toowp
=175(28.75)(0.105)
=528.28 N-m

2. Reaction between the wheel and rail due to the gyroscopic couple.

P=C/x=528.18/15

=352.2N
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6. A four-wheeled trolley car of mass 2500 kg runs on rails, which are 1.5 m apart and travels around a
curve of 30 m radius at 24 km / hr. The rails are at the same level. Each wheel of the trolley is 0.75 m in
diameter and each of the two axles is driven by a motor running in a direction opposite to that of the wheels
at a speed of five times the speed of rotation of the wheels. The moment of inertia of each axle with gear
and wheels is 18 kg-m?. Each motor with shaft and gear pinion has a moment of inertia of 12 kg-m?. The
centre of gravity of the car is 0.9 m above the rail level. Determine the vertical force exerted by each wheel
on the rails taking into consideration the centrifugal and gyroscopic effects. State the centrifugal and
gyroscopic effects on the trolley.

Solution. Given : m= 2500 kg ; x= 1.5 m ; R=30 m; v= 24 km/h = 6.67 m/s ; dw= 0.75 m or rw= 0.375 m ; G=
oe/ow= 5 ; lw= 18 kg-m?;lg= 12 kg-m?; h=0.9 m

The weight of the trolley (W= m.g) will be equally distributed over the four wheels, which will act downwards. The
reaction between the wheels and the road surface of the same magnitude will act upwards.

. Road reaction over each wheel = Wid=m.gl4=2500=9281/4=6131.25N
We know that angular velocity of the wheels,
Wy, = viry, =6.67/0.375=17.8 rad/s
and angular velocity of precession, ©, = v/R =6.67/30 =022 rad/s
~.Gyroscopic couple due to one pair of wheels and axle,
Cy =21, 0,m,=2%18x17.8 x0.22= 141 N-m

and gyroscopic couple due to the rotating parts of the motor and gears,

Cp = 2lp0p0p, =2 L. Gogmp, .. (v 0=G oy)
=2 %12 x5%x17.8x%0.22 =470 N-m
-. Met gyroscopic couple, C=C,—C=141 -470=-329 N-m

... (—ve sign is used due to opposite direction of motor)
Due to this net gyroscopic couple, the vertical reaction on the rails will be produced. Since Ce is greater than Cw ,
therefore the reaction will be vertically downwards on the outer wheels and vertically upwards on the inner wheels.
Let the magnitude of this reaction at each of the outer or inner wheel be P/2 newton.
: P2=0C2x=329/2x15=109.7N

We know that centrifugal force, F(. = m.vR =2500(6.672/30=3707TN
. Overturning couple, Co = F-*h=3707 = 0.9=3336.3 N-m

This overturning couple is balanced by the vertical reactions which are vertically upwards on the outer wheels and
vertically downwards on the inner wheels. Let the magnitude of this reaction at each of the outer or inner wheels be
Q/2 newton.

a2 = L'nfz_r=3336_3f’2 #*1.5=1112.1 N
We know that vertical force exerted on each outer wheel,
P = W P Q

0 ? - E + 5= 6131.25=109.7+1112.1 =7142.65 N Ans.
and vertical force exerted on each inner wheel,
W P Q .
A=—+—===6131.25+109.7-1112.1 =5128.85 N Ans.

4 2 2
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7.A rear engine automobile is travelling along a track of 100 metres mean radius. Each of the four road
wheels has a moment of inertia of 2.5 kg-m? and an effective diameter of 0.6 m. The rotating parts of the
engine have a moment of inertia of 1.2 kg-m?. The engine axis is parallel to the rear axle and the crankshaft
rotates in the same sense as the road wheels. The ratio of engine speed to back axle speed is 3 : 1. The
automobile has a mass of 1600 kg and has its centre of gravity 0.5 m above road level. The width of the
track of the vehicle is 1.5 m. Determine the limiting speed of the vehicle around the curve for all four
wheels to maintain contact with the road surface. Assume that the road surface is not cambered and centre
of gravity of the automobile lies centrally with respect to the four wheels.

Given : R=100 m ; lw= 2.5 kg-m?; dw= 0.6 m or rw= 0.3 m ; lg= 1.2 kg-m?; G= we/ow= 3 ; m= 1600 kg ;
h=05m;x=15m

The weight of the vehicle (m.g) will be equally distributed over the four wheels which will act downwards.
The reaction between the wheel and the road surface of the same magnitude will act upwards.

~.Road reaction over each wheel

=W/id=mg/4=1600=981/4=3924 N

Let v = Limiting speed of the vehicle in m/s.
We know that angular velocity of the wheels,
v v
Wy =—=—=333vrad/s
Fy 03
and angular velocity of precession,
v v

wp=—=—=001vrad/s
R 100

- Gyroscopic couple due to 4 wheels,
and gyroscopic couple due to rotating parts of the engine,
Cp = lp-0p.0p = I G.0y.00p
=12%x3x333vx0.0lv=0.12 v N-m
. Total gyroscopic couple,
C=Cy+C.=033v2+0.12v? =045 v* N-m
Due to this gyroscopic couple, the vertical reaction on the rails will be produced. The reaction will be vertically

upwards on the outer wheels and vertically downwards on the inner wheels. Let the magnitude of this reaction at each
of the outer or inner wheel be P/2 newtons.

PR2=C2x=045v12%15=0.15vIN
We know that centrifugal force,
Fe=m.v*R=1600 % v}/100= 16 v* N
~.Overturning couple acting in the outward direction,
Co=F-*h=16v*x05=8v*N-m
This overturning couple is balanced by vertical reactions which are vertically upwards on the outer wheels and

vertically downwards on the inner wheels. Let the magnitude of this reaction at each of the outer or inner wheels be
Q/2 newtons.
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We know that total vertical reaction at each of the outer wheels,

J
r.rQ

4 2 12

and total vertical reaction at each of the inner wheels,

W P W P
R:————Q=—— ——|—Q

4 2 2 4 2 2
From equation (i),we see that there will always be contact between the outer wheels and the road surface because
Wi/4, PI2 and Q/2 are vertically upwards. In order to have contact between the inner wheels and road surface, the

reactions should also be vertically upwards, which is only possible if

By

P.2.¥
27274
ie.  0.15v2+26712<3924 or  282v2<3924
- w2 <3924/2.82 = 1391.5
or v <37.3 m/s = 37.3 x 3600 / 1000 = 134.28 km/h Ans.





